Cramer's Rule, Volume, and L inear Transfor mations

Cramer's Rule

Needed in avariety of theoretical calculations. For instance, to study
how the solution of A% = bis affected by changesin the entries of b.

However, the formulais innefficient for hand calculations, except for
2 x 20r perhaps 3 x 3 matrices.

For any A,., andany b € R, let 4;(b) bethe matrix obtained from A
by replacing column i by the vector b: A;(b) = [a1 ... b ... a,]

T
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Theorem. (Cramer'sRule)

Let A, ., beinvertible. For any b € R", the unique solution z of Az = b
has entries given by

xi—w, 1 = ey

Proof. denote the columnsof A by a4, ... d,, and the columns of the
identity matrix I,,, by €q,..., €,. If AZ = 3, the definition of matrix
multiplication shows that
AL;(Z)=Alé,... Z... ;) =[A¢é ... AZ... A€,]| =
= [G1... b... Gn] = Ai( D)
By the multiplicative property of determinants,

det (AL( 7)) = (det A)(det I;(Z)) = det A;(b)

- o . det Al(b)
But (det I;(Z)) = x;,hencex; = Jel A

Application to Engeneering



A number of important engineering problems, particularly in electrical
engineering and control theory, can be analyzed by Laplace transforms.
This approach converts an appropriate system of linear differential
eguations into a system of linear algebraic equations whose coefficients
Involve a parameter.

Example. Consider the following system in which s is an unspecified
parameter. Determine the values of s for which the system has a unique
solution, and use Cramer's rule to describe the solution.

381 — Ox9 = 3
{ 9r1 + 58Ty = 2
Solution. View the system as A7 = b. Then

3s 5 - 3 5 - 3s 3
since
detA:15s2—45:158(5—3)

the system has a unique solution precisely when s = 0, 3. For such an s,
the solution is (z1, x5 ), where

-

_ det Ai(B) - 155-10 . det Ay(b) 35424 6s—27

T1 = “Get A ~ 15s(s—3) 7 27 TdetA 3(s+2)(s—2)  15s(s—3)

Definition. The matrix of cofactors on the right sideis called the
adjugate (or classical adjoint) of A, denoted by adj A

Ciu Cn - . . Cu| ( Theorem. Let A, «n DE
Ciz Cy» . . . Cu2| | aninvertiblematrix.
_ _ 1 . . .
AL — 4 | | | < Then

Al = madjfl

i Cln CZn Cnn .
Numerical Notes



This theorem is useful mainly for theoretical calculations. The formula
for A~! permits one to deduce properties of the inverse without actually
calculating it. Except for specia cases, the algorithm gives a much
better way to compute A1, if theinverseisreally needed.

Cramer's rule is also a theoretical tool. It can be used to study how
sengsitive the solution of AZ = b isto changesin an entry in bor in A

(perhaps due to experimental error when acquiring the entries for b or
A). When A is a3 x 3 matrix with complex entries, Cramer's rule is
sometimes selected for hand-computation because row reduction of

[A|b] with complex arithmetic can be messy, and the determinants are
fairly easy to compute. For a larger n x nmatrix (real or complex),
Cramer's rule is hopelessly inefficient. Computing just one determinant

takes about as much work as solving A7 = b by row reduction.

Theorem. If A is a 2 x 2matrix, the area of the parallelogram
determined by the columns of A is |det A|. If A isa3 x 3 matrix, the

volume of the prallelepiped determined by the columns of A is|det A|.

Let é; and a, be nonzero vectors. Then for any scalar ¢, the area of the
parallelogram determined by @; and @, equals the area of the
parallelogram determined by a; and a» + ca;.

Theorem. Let T:R?>SR?:T(Z) = Ay2(Z) be al. t. If S is a
parallelogramin R? , then

{areaof T'(S)} = |det A| - {areaof S}

If T is determined by a 3 x 3 matrix A, and if S is aparalelepiped in
R3, then

{volumeof T'(S)} = |det A| - { volume of S}

Theorem. (AnInverse Formula) Let A ,,.,, beaninvertiblematrix. Then



AT=

_1
det A

adj A




