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Abstract
Many computation-intensive iterative or recursive applicationscom-

monly found in digital signalprocessingand imageprocessingapplica-
tionscanberepresentedby data-flowgraphs(DFGs). Theexecutionof
all tasksof a DFG is calledan iteration, with the averagecomputation
timeof aniterationtheiterationperiod. A greatdealof researchhasbeen
doneattemptingto optimizesuchapplicationsby applyingvariousgraph
transformationtechniquesto theDFG in orderto minimizethis iteration
period.Two of themostpopularareretimingandunfolding, whichcanbe
performedin tandemto achieve anoptimaliterationperiod.However, the
resultis a transformedgraphwhich is muchlargerthantheoriginalDFG.
To theauthors’knowledge,thereis no techniquewhich canbecombined
with minimal unfoldingto transforma DFG into onewhoseiterationpe-
riod matchesthatof theoptimalscheduleundera pipelineddesign.This
paperproposesa new technique,extendedretiming, which doesjust this.
We constructthe appropriateretiming functionsanddesignan efficient
retimingalgorithmwhichmaybeapplieddirectly to aDFGinsteadof the
larger unfoldedgraph. Finally, we show throughexperimentsthe effec-
tivenessof ouralgorithms.

Index terms: Scheduling,Data-flow graphs,Retiming,Unfolding,Graph
Transformation,Timing Optimization

1 Intr oduction
Because the most time-critical parts of real-time or

computation-intensive applicationsare loops, we must explore
the parallelismembeddedin the repetitive patternof a loop. A
loop canbemodeledasa data-flowgraph(DFG) [2]. Thenodes
of a DFG representtasks,while edgesbetweennodesrepresent
datadependenciesamongtasks.Eachedgemaycontaina num-
ber of delays(i.e. registers).This modelwasoriginally usedin
circuitry [4] andhassincebecomepopularin otherfields.

In our previous work [6,7], we proposedan efficient algo-
rithm,extendedretiming, whichtransformsaDFGintoanequiva-
lent graphwith maximumparallelizationandminimumschedule
length. However, thereremainapplicationsfor which our origi-
nal framework will not deliver thebestpossibleresult. We wish
to correctthisexclusionin thispaper.

Theexecutionof all tasksof a DFG is calledan iteration. A
very popularstrategy for maximizingparallelismis to transform
the original graphby schedulingmultiple iterationssimultane-
ously, a techniqueknown asunfolding[8]. While thegraphbe-
comesmuchlarger, theaveragecomputationtime of aniteration
(the iteration period) canbereduced.In our previous work, we
demonstratedthatextendedretimingallowsusto achieveanopti-
mal iterationperiodwhentheiterationperiodis aninteger. In this
paper, we refineour original schemeso that extendedretiming
may be combinedwith unfolding. We thenshow that this com-
binationachievesoptimality in all cases.In fact,we will seethat�
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this combinationattainsanoptimalresultwhile doinga minimal
amountof unfolding. We find thatthecombinationof traditional
retimingandunfoldingdoesnotcorrectlycharacterizetheimple-
mentationusinga pipelineddesignand,therefore,tendsto give
a largeunfoldingfactor. Thuswe not only maximizeparallelism
by usingextendedretiming,but we alsominimizethesizeof the
necessarytransformedgraph.

In additionto unfolding,oneof themoreeffectivegraphtrans-
formationtechniquesis retiming, wheredelaysareredistributed
amongtheedgesso that the functionof theDFG

�
remainsthe

same,but thelengthof thelongestzero-delaypath(theclock pe-
riod of

�
, denoted����� �	� ) is decreased.This techniquewasin-

troducedin [4] to optimize the throughputof synchronouscir-
cuits,andhassincebeenusedextensively in many diverseareas.
Wehaveshown previously thatneitherunfolding[5] nor this tra-
ditional form of retiming [6] canproduceoptimal resultswhen
appliedindividually, but the combinationwill achieve optimal-
ity [2].

To illustratetheseideas,considertheexampleof Figure1(a).
Thenumbersinsidethenodesrepresentcomputationtimes. The
shortbar-linescuttingtheedgefrom node
 to node� (hereafter
referredto by the orderedpair ( 

��� )) representinter-iteration
dependenciesbetweenthesenodes.In otherwords,thetwo lines
cutting ��
���� � tell us that task � is of our currentiterationde-
pendson dataproducedby task � two iterationsago. This rep-
resentationof sucha dependency is calleda delayon theedgeof
theDFG.
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Figure1: (a)A data-flow graph;(b) Theschedulefor theDAG partof Figure1(a).

It is clearthat the clock periodof this graphis 14, obtained
from the pathfrom � to 
 . Sincean iterationof the DFG may
bescheduledwithin 14 time unitsasin Figure1(b), theiteration
periodof this graphis also14. However, if we wereto remove
a delayfrom ��

��� � andplaceit on ������� � , the iterationperiod
(i.e. clockperiod)wouldbereducedto 10 while notaffectingthe
functionof thegraph.Theexampleshows how retimingmaybe
usedto adjusttheiterationperiodof aDFG.

How smallcanwe make our iterationperiod?Sinceretiming
preservesthe numberof delaysin a cycle, the ratio of a cycle’s
totalcomputationtimeto its delaycountremainsfixedregardless
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of retiming. Themaximumof all suchratios,calledthe iteration
bound� , actsasa lower boundon the iterationperiod. In thecase
of Figure1(a), thereareonly two cycles,thesmallonebetween
nodes� and 
 with time-to-delayratio � ����� , andthelargeone
involving all nodeswith ratio � �� . Thustheiterationboundfor the
graphis �� .

Sincethecomputationtimesof all nodesareintegral, it seems
impossibleto get a fractional iterationperiod. However, recall
that the iterationperiodis the average time to completean iter-
ation. If we cancompletetwo iterationsof our graphin 7 time
units,theaveragewill equalour lower bound,andour graphwill
berate-optimal.To gettheseiterationstogetherin our graph,we
must unfold the graph. If we canunfold our graph � times to
achieve this lowerbound,ourscheduleis saidto berate-optimal,
and � is calleda rate-optimalunfoldingfactor. Weareinterested
in finding theminimumsuchunfoldingfactor.
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Figure2: (a) The DFG of Figure1(a) unfoldedby a factor of 2; (b) Figure2(a)
retimedby extendedretiming to be rate-optimal;(c) The optimal schedulefor the
retimedgraph.

As anexample,let’sunfoldthegraphof Figure1(a)by afactor
of 2, asshown in Figure2(a). (We will discussour algorithmfor
doing this in detail later.) We canschedulean iterationof this
new graph–whichis equivalentto schedulingtwo iterationsof our
original graph–inthe same14 time units. We have doubledthe
sizeof our graph,but we have alsoreducedour iterationperiod
to 7. We cannow retimethis unfoldedgraphaswe did above to
reduceourclockperiodto 10,which furtherreducestheiteration
periodto 5. Unfortunatelythis is thebestwecandoby unfolding
twiceandusingtraditionalretiming.

If wewerepermittedto moveadelayinsideof � , asshown in
Figure2(b), our clock periodwould become7, the iterationpe-
riod wouldbecome�� andwewouldhaveoptimizedourgraph,as
we canseeby theschedulein Figure2(c). This is theadvantage
of extendedretimingover traditionalretiming:we areallowedto
move delaysnot only from edgeto edge,but from edgeto ver-
tex. Weseefrom this thatthecombinationof traditionalretiming
andunfoldingdoesnotcompletelygive thecorrectrepresentation
of the graph’s schedule,especiallywhenwe assumea pipelined
implementation.

An unfoldingof 2 combinedwith extendedretimingoptimizes

the graphof Figure1(a). If we limit ourselves to traditionalre-
timing, we mustunfold the original DFG four times. After we
retimein additionto unfolding,wecannow schedule4 iterations
of theoriginal graphin 14 time steps,reducingour iterationpe-
riod without retimingto �� . Weseethattraditionalretimingtends
to overestimatethe rate-optimalunfolding factor, resultingin a
graphthatrequiresmoreresourcesfor execution.

Note that the graphoptimizedby extendedretiming andun-
folding is half the sizeof that optimizedby traditionalretiming
andunfolding. Thereis a very clearadvantagein usingextended
retiming, but therearecurrently two drawbacksto this method.
First,asproposed,extendedretimingonly permitstheplacement
of a singledelayinsideany node.This is too severea limitation
for whatwe wantto do now. Also, theonly methodfor applying
extendedretimingandunfoldingis theonewe’veoutlined:unfold
thegraphandthenretime. Sinceretiming is muchmoreexpen-
sive thanunfoldingin termsof computationtime, it is preferable
to first applyextendedretimingto thesmalleroriginalgraph,then
unfolding. However, we mustbecertainthat the two operations
canbe performedin any orderandstill achieve optimality. We
alsohave thequestionof knowing exactly how muchto unfold a
graphbeforeit canbeoptimized. As we’ve said,unfoldingdra-
matically increasesthesizeof thegraphwe’re working with, so
wedon’t wantto doany moreunfoldingthanis absolutelyneces-
sary.

In this paper, we will demonstratea new form of retiming,
extendedretiming, which achieves an optimal result while re-
quiring the useof a smallerunfoldedgraph,andthusfewer re-
sources.We modify our original definitionof extendedretiming
to accommodatethepossibilitythatmultipledelaysareplacedin-
sidea node.This permitsus to combineextendedretimingwith
unfolding. Whenwe wish to apply unfolding andextendedre-
timing to a graph,we have two options: first retime the graph
thenunfold it, or unfold it thenretimethe unfoldedgraph. We
will show thatthesetwo methodsareequivalentandconstructthe
correspondingretiming functions. Finally, we will demonstrate
that the minimum rate-optimalunfolding factor for a data-flow
graphis the denominatorof the irreducibleform of the graph’s
iterationbound. Thuswe have devised a techniquethat, when
combinedwith unfoldingby theminimumrate-optimalunfolding
factor, transformsagraphintoonewhoseiterationperiodmatches
thatof therate-optimalscheduleunderapipelineddesign.To the
bestof ourknowledge,this is thefirst methodthatcandothis.

2 Background & ExtendedRetiming

In this section,we wish to presentthedefinitionsandresults
relatingto unfolding andunfoldedgraphs.We will rely on this
previously-presentedbackgroundmaterial[1,8] heavily aswees-
tablishour new results.

Recall that a data-flow graph (DFG) is a finite, directed,
weightedgraph

� �! �"#��$%��&'�)(�* where" is asetof computation
nodes,$ is a setof edgesbetweennodes,&,+-$/. N is a func-
tion representingthe delaycountof eachedge,and (0+�"1. N
representingthecomputationtimeof eachnode.

Now, let � be a positive integer. We wish to alter our graph
sothat � consecutive iterations(i.e.,executionsof all of aDFG’s
tasks)arevisiblesimultaneously. Todothis,wecreate� copiesof
eachnode,replacingnode2 in theoriginalgraphby thenodes2 �
through243 in ournew graph.Thisprocessis known asunfolding
the graph

� � times and resultsin the unfoldedgraph
� 3�� �"536��$-37��&737�)(�38* . Thevertex set "53 is simply theunionof the �
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copiesof eachnodein " . Sincethey are all exact copies,the
computation9 timesremainthesame,i.e. (�3:�;243 � �<(��;2 � for every
copy 2 3 of 2>=?" . Eachedgeof

�
alsocorrespondsto � copies

in theunfoldedgraph.However, thedelaycountsof thecopiesdo
not matchthatof theoriginal edge.In general,anedge �;25@���A�B �
having & delaysin the unfoldedgraphrepresentsa precedence
relationbetweennode2 in the C�D;E iterationandnodeA in iteration&GF6�IHKJ in the original graph. This idea is formalizedin the
following theorem,which is provenin [2].

Thm 2.1 Let LM�N�;2O��A � be an edge in DFG
�

. Let � be an
unfoldingfactor for

�
. Then:

1. P5C���JQ=SRUT7�WVX�Y�Z��[\[\[\�Y�Q]KVU^ , _ an edge L 3 �/�;2 @ ��A B � in
� 3

iff &5��L � �`&73:��La3 � Fa��H?J	]bC .
2. P5C���Jc=0RaTZ�WVd�Y�8��[\[e[\�Y�f]gVU^ with JGhi�;CjHK&5��L ���lknmZo � , _

anedge La3p�!�;25@���A�B � in
� 3 with &73:��La3 � �rqUsat\u�v3gw if CyxSJ

and z sat\u�v3`{ otherwise.

3. The � copies of edge L in
� 3 are the edges L @ ��;25@���A t @}| sat~u�v�vZ�l�Y� 3 � for C���TZ��Vd�Y�8��[\[\[e�Y�n]KV .

4. Thetotal numberof delaysof the � copiesof edge L is &5��L � ,
i.e. &5��L � ��� 3d� �@��4� &73:��LU@ � .

Finally, aclassicresultfrom [4] characterizedtheupperbound
of a graph’s cycle periodin termsof thecomputationtime of its
longestzero-delaypath. The analogousresult for an unfolded
graphis provenin [2].

Thm 2.2 Let
�

be a DFG, � a potentialcycleperiod and � an
unfoldingfactor.

1. ���)� � 3 � � k��a� R����~� � +4�I= � is a pathwith �I�~� ��� �4^8[
2. ���)� � 3 � x0� iff �I�~� ��� �	P paths�I= � with ���~� �y� � .
An extended (or f-extended) retiming of a DFG

� � �"#��$%��&'�)(�* is a function �>+O"�. Z � Q 3 where,for all A�=<" ,�7�;A � �gC�H������D t~��v �����D t\��v ��[\[e[\� ���D t~��vY� for someintegersC���� � ��� � ��[\[\[\���a3
where TSx/�a� � (��;A � for  M�¡VX���Z�W[\[\[\�Y� . We view the integer
constantC asthenumberof delaysthatarepushedto eachoutgo-
ing edgeof A , while the � -tupleliststhepositionsof delayswithin
thenodeA . Notethata valueof zerowithin the � -tupleis merely
aplaceholderusedto simplify ournotation;wecan’t haveadelay
at thisposition.Also for simplicity wewill expressthe � -tupleas�D t\�¢v �;� � ��� � ��[\[\[\���a3 � or asasinglefraction ���D t\��v when �f�£V .

We canseefrom this definition that �6�;A � can be viewed as
consistingof anintegerpartanda fractionalpart.Wewill usethe
notation¤ � �;A � to denotethevalueof thisintegerpart,while ¥ � �;A �
will bethenumberof non-zerocoordinatesin the � -tuple.Wewill
alsoassumethroughoutthispaperthattheelementsof an � -tuple
arelistedin increasingorder. For example,considerthegraphof
Figure3(a).A 3-extendedretimingwith �7��� � �£VjH �� � �;TZ��¦7�Y§ � ,�7��� � �¨V and �7��
 � �©T resultsin the retimedgraphof Figure
3(b). For this retiming, ¤ � ��� � �ª¤ � ��� � �«V and ¤ � ��
 � �¬T ,
while ¥ � ��� � �­� and ¥ � ��� � �`¥ � ��
 � �`T .

As with standardretiming,wewill denotetheDFGretimedby� as
� � �i �"#��$%��& � ��(�* . Whenwe definethedelaycountof the

edgeL-�®�;2O��A � afterretiming,wemustrememberto includede-
layswithin eachend-nodeaswell asdelaysalongtheedgeitself.
Furthermore,wepreviouslydefinedapath� to beaconnectedse-
quenceof nodesandedges,with �I�~� � beingthepath’stotaldelay
count. If we now require �I�~� � to countthe delaysboth among
the nodesandalongthe edgesof � , we caneasilyobtain these
properties:
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Figure3: (a)AnothersampleDFG; (b) ThisDFGretimedto haveclockperiod4

Lem 2.1 Let
�

bea DFG withoutsplit nodesand � an extended
retiming. Thentheretimeddelaycounton:

1. edge L-�¯�;2°��A � is &5��L � HM¤ � �;2 � ]b¤ � �;A � H0¥ � �;2 � .
2. path �I+±2Q²³A is �I�~� � H´¤ � �;2 � ]?¤ � �;A � H0¥ � �;2 � .
3. cycle µ-= � is �I��µ � .
Given an edge L��¶�;2O��A � , we use & � �;2·.¸A � to denote

the total numberof delaysalongan edge,includingdelayscon-
tainedwithin the endnodes2 and A . However, we will refer to
the numberof delayson the edgenot including delayswithin
end nodesas & � ��L � as in the traditional case. Using the ex-
amplefrom Figure 3(b), let L � �¶������� � , L � �¹������
 � andLUºM�»��

��� � . Then & � ���¼.½� � and & � ��
¾.¿� � are each
2 due to a split end-node,even though & � ��L � � and & � ��L º � are
eachzero. As with traditional retiming, an extendedretiming
is legal if & � ��L �S� T for all edgesL`=¨$ and normalizedifknÀ\Á � ¤ � �;A � �·T . Note two things. First, if � is an extendedre-
timing, then & � �;2f.¬A � �g& � ��L � HM¥ � �;2 � H´¥ � �;A � for all edgesL	�Â�;2°��A � =b$ . Also, any extendedretimingcanbenormalized
by subtracting

knÀ\Á � ¤ � �;A � from all values¤ � �;A � .
We have defineda pathabove to bea connectedsequenceof

nodesand edges. This definition assumesthat a path includes
all piecesof its initial and final nodes. On the otherhand,we
will definea connectedsequenceof nodesandedgeswhich in-
cludesonly someof thepiecesof its initial andfinal nodesto be
a subpath. For example,considerthegraphof Figure3(b). Any
path which begins or endswith node � must include all three
piecesof node � , while a subpathmay begin or endat any of� ’s piecesanddoesnot have to containall of � . Thusa path
is a subpath,but a subpathis not necessarilya path. It should
beclearthatsomepiecesof theend-nodesof a patharemissing
whenwe discussa subpath. If a node 2 is split by ¥ � �;2 � de-
lays, we canseethat we are left with ¥ � �;2 � H®V pieceswhich
we can denotein order as 2 � , 2 � ,..., 25Ã'Ä t\ÅXv . So if we have
a subpathfrom 2 B to A � , the delay count of the subpathwill
equal that of the path from 2 to A , minus the J delayswhich
separatethe first JIH¨V piecesof 2 from one another, minus
the ¥ � �;A � ]<  delaysseparatingA � , A ��| � ,..., A7Ã'Ä t~��v . In short,� � �;2 B ²ÆA � � �`�I�~� � Hn¤ � �;2 � ]�¤ � �;A � HQ¥ � �;2 � ]Ç¥ � �;A � H� y]�J±�
where� is thepathfrom 2 to A . Notethat this is consistentwith
ourpreviouslemma,sincethepathfrom 2 to A is thesameasthe
subpathfrom 2 � to A Ã'Ä t~��v . Finally, notethat, in a graph

�
with

split nodes,���)� �	� is the maximumcomputationtime amongall
zero-delaysubpathsof

�
.

3 Unfolding Then Retiming

In this sectionandthe next, we will prove oneof our major
results:that thecombinationof extendedretimingandunfolding
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yieldsthesameminimal iterationperiod,no matterwhich trans-
formationÈ is performedfirst. We will do this in two steps.First,
wewishto show that,for everyextendedretimingof theunfolded
graphwhichgivesusacertaincycleperiod,wecanconstructare-
timing on theoriginalgraphwhichyieldsthesamecycleperiod.

To illustrateour idea,let’sunfold thegraphof Figure3(a)two
timesto producethegraphof Figure4(a).Wenow try to achieve
rateoptimality by usingthemethodof [2] to schedulethis graph
with acycleperiodof 8, asshown in Figure4(c). Notethatwe’ve
unfoldedthis graphasmuchaswe want andwill do no further
unfolding. Thus, we can apply the result from [7], cutting the
graphimmediatelybeforethefirst occurrenceof thelastnodeto
enterthe schedule(shown herewith a dashedline) andreading
theextendedretimingimmediately. This methodgivesusanex-
tendedretiming of �6���-T � �¬V �� � �:�7����V � �³V º� � �6�7��
�V � �¡T ,and �7����T � �¡�7����V � �1�6��
�T � �ÆV , whoseapplicationto the
graphin Figure4(a)resultsin thegraphin Figure4(b). If

�
is the

graphin Figure3(a),thenthegraphin Figure4(b)whichhasfirst
beenunfoldedthenretimedis denotedas � � 3 � � .
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Figure4: (a) The DFG of Figure3(a) unfoldedtwice; (b) This DFG retimed;(c)
ThisDFG’sschedulewith cycleperiod8

We now wish to usethis retiming on the unfoldedgraphto
derivearetimingfor theoriginalgraph.Whatwewill dois to add
themusinga specialadditionoperatorÉ on the setof extended
retimingsfor aparticularnodewhichaddstheintegerpartsof the
retimingswhile concatenatingthefractionalparts. Formally, for
eachnode2 andpositive integersC andJ ,
�6�;25@ � É´�7�;2ZB �
� Ê7¤ � �;25@ � H V(¢�;25@ � �;Ë � ��[\[\[\��ËlÌ �)Í

É Ê ¤ � �;2 B � H V(��;2 B � ��Î � ��[\[\[\��Î5Ï � Í� �;¤ � �;2 @ � H�¤ � �;2 B ��� H V(��;2 � ��Ë � ��[\[\[\��Ë Ì �)Î � ��[\[\[\��Î'Ï � [ (1)

Thus, for our example, �7��� � �NVp�� � É/V º� � �¾��HÐ�� � ��§Z��¦ � ,�7��� � �ÑVpÉ®VK�¾� and �6��
 � �NV�É,T`�ÑV . Normalizing
this and reorderingthe 2-tuple into ascendingorder gives us a
2-extendedretiming of �6��� � �NVpHÐ�� � ��¦7��§ � �6�6��� � �NV and�7��
 � �ÆT , a retiming similar to the one that we found earlier
to achieve the graphin Figure3(b). (This graph,the versionof�

from Figure3(a) which is retimedthen unfoldedto achieve
optimality, is denotedas

� ��Ò 3 .)
Now thatwe’veestablishedwhatwewantto do,wecanapply

theseideasto the generalcaseandprove the following theorem
asin [5].

Thm 3.1 Let
�

bea DFG withoutsplit nodes,� a cycleperiod
and � an unfoldingfactor. For every legal extendedretiming �a3
on theunfoldedgraph

� 3 such that ���5ÓY� � 3 � ���ZÔ x!� , _ a legal
extendedretiming � on theoriginal

�
such that �¢�)� � ��Ò 3 � x0� .

4 Retiming Then Unfolding
Thefirst half of our desiredresultwasfairly simple;this half

will bemuchmorecomplicated.Webeginby showingourdesired
resultfor traditional retimings.

Thm 4.1 Let
�

bea DFG withoutsplit nodes,� a cycleperiod
and � an unfoldingfactor. For each legal retiming � on

�
such

that �¢�)� � ��Ò 3 � x/� , _ a legal retiming �a3 on the unfoldedgraph� 3 such that �¢�)��� � 3 � � � � x0� .
The proof of this theoremappearsin [2], so we will only

briefly discussit. Let �a3 bea retimingon
� 3 andlet &73 Ò � � ��La3 �

be the delaycountof La3 after we apply �a3 to
� 3 . We want to

find a function � 3 suchthat & 3 Ò ��� ��L 3 � �,& ��Ò 3 ��L ��Ò 3 � for all edgesLa3 in
� 3 , where & ��Ò 3:��L ��Ò 3 � is the delaycountof L ��Ò 3 in

� ��Ò 3 .
Since&73 Ò � � ��La3 � �g&73:��LX3 � Hb�a37�;25@ � ]I�a37�;A�B � by theanalogueof
Lemma2.1(1)for traditionalretimings,ourconditionbecomes

�a36�;2'@ � ]b�a3:�;A�B � �g& ��Ò 3:��L ��Ò 3 � ]?&736��La3 � P4La3p�¯�;2'@���A�B � [ (2)

Since(2) constitutesa consistentlinearsystemwith integersolu-
tion � 3 , out theoremis proved.

We now wish to prove theabove theoremfor extendedretim-
ings by reducingthis caseto the traditionalone. We have seen
thatan extendedretimingon a data-flow graphgivesus instruc-
tions on how to split a nodeinto smallerpieces. What we will
do is constructa new graph,replacingeachsplit nodewith the
propersmallerpieces. This new graphcan then be retimedto
have optimalclock periodby a traditionalretimingwhich canbe
derivedfrom thegivenextendedone.Having translatedour orig-
inal graphandextendedretiming to a new graphandtraditional
retiming,we maythenapplyour above theorem,derive a retim-
ing for theunfoldedgraph,andthentranslatebackto ouroriginal
graph.

Considerthesampledata-flow graph
�

in Figure5(a)below.
Recallthat the 2-extendedretimingwith �7��� � �¡VÕH �� � ��¦Z��§ � ��7��� � �£V and �7��
 � ��T appliedto

�
achievestheoptimalclock

periodof 4. We now wish to usethis function to constructan
extendedretimingfor

�
unfoldedtwice.

We’veseenthatourextendedretimingcallsfor usto split node� into threepieceswith computationtimes3, 4 and3, respec-
tively, while theothernodesremainwhole. So, if we split � as
shown in Figure 5(b), the resultinggraphcan achieve rate op-
timality via traditional retiming. We will call sucha graphan
extendedgraph, anddesignatetheextendedgraphproducedby a
DFG

�
andextendedretiming � as Ö>× Ò � .

As we’ve pointedout, we shouldbe ableto retime Ö × Ò � to
be rateoptimalusingonly a traditionalretiming, i.e. a retiming
withouta fractionalcomponent.Recallthatthefractionalpartof�7��� � above calledfor the placementof delaysbetweenthe first
and secondpiecesand secondand third piecesof � , with one
delaypassingthroughthenodeandontotheoutgoingedge;thus
threedelayscomeinto � while only oneleaves. In our extended
graph,this is equivalentto passingthreenodesthroughnode � � ,
leaving oneon eachof the edges��� � ��� � � and ��� � ��� � � while
theloneremainingdelaypassesthrough � � . Thusthetraditional
retiming Ø on Ö>× Ò � definedasØ4��� � � ��¦Z�6Ø4��� � � ���Z�7Ø4��� � � �Ø4��� � �iV and Ø4��
 � �ÂT is equivalentto theextendedretiming
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� on
�

andresultsin a retimedextendedgraphwith clockperiod
4, asshown in Figure5(c). In keepingwith ourpreviousnotation,
theextendedgraphÖ × Ò � retimedby Ø will benamedÖ × Ò �Ù .
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Figure5: (a) OursampleDFG; (b) Theresultingextendedgraph;(c) This extended
graphretimedto haveclockperiod4

When we unfold Ö>× Ò �Ù twice, as shown in Figure 6(a), the
resultinggraphhasa clock periodof �I�?Ú or 8 andunfolding
factor �·�Ñ� . According to our theoremabove, we must be
ableto constructa retiming Ø63 for the twice-unfoldedextended
graph(shown in Figure6(b)) which resultsin a clock periodof
8. Wedo soby matchingeachedgeLa3Ç�¯�;25@���A¢B � of Ö × Ò �3 (Fig-
ure6(b))with anedgeL Ù Ò 3 � Ó 2 t @ � � t~Ådv�v8�l��� 3 ��A t B � � t\�¢v�v8�l�Y� 3 Ô
from Ö × Ò �Ù Ò 3 (Figure 6(a)) as in [2], thenusing this matchingto
constructthe linear systemof equations(2) for this particular
graph. All of this information is given in Table 1. We now
solve this systemfor the valuesof Ø63 andfind a retiming withØ636��� �� � �!�Z�7Ø636��
Û� � ��Ø636��� � � � ��Ø636��� � � ��Ø636��
 � � �£T andØ 3 ��� �� � �`Ø 3 ��� �� � ��Ø 3 ��� � � �`Ø 3 ��� � � � ��Ø 3 ��� �� � �¯V , which
leadsto theretimedgraph �;Ö × Ò �3 � Ù � shown in Figure7(a).
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Figure6: The extendedgraphunfoldedtwice: (a) after retiming first; (b) with no
retiming

We now usethis retiming to constructa retiming �a3 for our
originalunfoldedgraph.Notethat,in Figure7(a),wehaveplaced
a delay on the edge Ó � �� ��� �� Ô . However, sincenode � �� was
merelyour way of representingthe first part of node � � in our
unfoldedgraph,our extendedgraphis calling for us to placea
delaywithin �-� which separatesthis first piecefrom therestof
the node. Sincethis piecetakesthreetime units, we defineour
extendedretimingsothatthefractionalpartof �a3:���-� � is º� � . We
alsohave Ø63:��� �� � �!V , whichcallsfor usto pushadelaythrough
thelastpieceof �
� ontotheoutgoingedge,andsotheintegerpart

Ü 3 Ýa3 Ü Ù Ò 3 Ý Ù Ò 3 EquationÞ}ß ��Xà ß ���á 0
Þ;ß � � à ß ��Wá 1 â 3 Þ�ß ��Wá#ã â 3 Þ;ß ��¢á�ä0åÞ}ß ��Xà ß ���á 0
Þ;ß ��Xà ß � � á 0 â 3 Þ�ß ��Wá#ã â 3 Þ;ß ��¢á�äSæÞ�ß ��Xà�ç � á 0
Þ�ß � � à)ç � á 0 â 3 Þ�ß ��Wá#ã â 36è ç �aé ä?æè ç � à)ê �Ué 0 è ç � à�ê �Ué 1 â 36è ç �aé ã â 36è ê �aé ä0åÞ ê � à ß � � á 1
Þ ê � à ß �� á 0 â 36è ê �aé ã â 3 Þ ß � � á ä0ãëåÞ ß � � à ß �� á 0
Þ ß �� à ß �� á 0 â 3 Þ ß � � á ã â 3 Þ ß �� á äSæÞ ß �� à ß � � á 0
Þ ß �� à ß ��Wá 1 â 3 Þ ß �� á ã â 3 Þ ß � � á ä0åÞ ß � � à�ç � á 0
Þ ß �� à)ç � á 0 â 3 Þ ß � � á ã â 36è ç � é ä?æè ç � à)ê � é 0 è ç � à�ê � é 0 â 3 è ç � é ã â 3 è ê � é äSæÞ ê � à ß �� á 2
Þ ê � à ß � � á 0 â 3 è ê � é ã â 3 Þ}ß �� áyä0ã#ì

Table1: Tableof matchingedgesandlinearequationsfrom Figures6(a)and6(b).

of �a3:���
� � mustbe1. Similarly, thedelayon Ó � �� ��� � � Ô separates
the last pieceof � � from the initial partof the node. Sincethis
first part hasa total computationtime of 7, andsincewe do not
pusha delaythrough � � � , we needto have �a36��� � � �Ð�� � . Since
wesplit noothernodeswhenweconstructedourextendedgraph,
we canlet � 3 �;2 � �©Ø 3 �;2 � for all remainingnodes2 , giving us
a final retiming of �a3:���
� � �ªV º� � �:�a3:���-� � �ªVd�6�a3:��
Û� � �¨T7��a36��� � � �í�� � and �a36��� � � �¯�a36��
 � � �/TZ[ Applying this retim-
ing to our original unfoldedgraph,shown in Figure7(b), results
in thegraphof Figure7(c),which indeedhasaclockperiodof 8.
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Figure7: (a) The unfoldedextendedgraphof Figure6(b) now retimedby î � ; (b)
Ouroriginalgraphunfoldedtwice; (c) Thisgraphretimed

Using the ideasthatwe’ve just run through,we cannow for-
mally prove ourdesiredresult,asin [5].

Thm 4.2 Let
� �¯ �"ï��$%��&'��(�* bea DFG withoutsplit nodes,� a

cycleperiodand � an unfoldingfactor. For everylegal extended
retiming � on

�
such that ����� � ��Ò 3 � x®� , _ a legal extendedre-

timing �a3 on theunfoldedgraph
� 3 such that ������� � 3 � ��� � x0� .

5 Min. Rate-Optimal Unfolding Factors
As we’ve said,an iteration of a data-flow graphis simply an

executionof all nodesonce. The averagecomputationtime of
aniterationis calledthe iterationperiodof theDFG. If theDFG�

containsa cycle, theaveragecomputationtime of thecycle is
thetotal computationtimeof thenodesdividedby thenumberof
delaysin thecycle. This ratio mustbesmallerthanthe iteration
periodof thewholegraphsincethecycle constitutesa subgraph
of
�

. If we computethe maximumtime-to-delayratio over all
cyclesof

�
wederivea lowerboundon theiterationperiodof

�
.

This maximumtime-to-delayratio is calledthe iteration bound
[9] of

�
andis denoted��� �	� .
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If theiterationperiodof agraph’s scheduleequalsthegraph’s
iterationð bound,thescheduleis saidto berate-optimal. As we’ve
saidthroughoutthis paper, our goal is to achieve rate-optimality
via retimingandunfolding. If a data-flow graphcanbeunfolded� timesandachieve rate-optimality(i.e. a clock periodequalto�OF ��� �	� ), wesaythat � is therate-optimalunfoldingfactor for

�
.

Obviously we wish to achieve rate-optimalitywhile unfoldingas
little aspossible.To this endwe needto computetheminimum
rate-optimalunfolding factor for any graph. We begin by stat-
ing this link betweena graph’s clock periodanditerationbound
which is provenin [5]:

Lem 5.1 Let
�

be a DFG without split nodes,� a cycleperiod
and � an unfoldingfactor. Then _ a legal extendedretiming � on�

such that �¢�)� � ��Ò 3 � x0� iff ��� �	� x¨ñ3 .
Wethis in handwecannow show, asin [5]:

Thm 5.1 Let
�

bea DFG withoutsplit nodes.Let µ bea critical
cycleof

�
, i.e. �Q� �	� �¬ò t ó)vô t ó)v . Let õQ�£öX÷ o R�����µ � ���I��µ � ^ . Thenô t ó)vø is theminimumrate-optimalunfoldingfactor for

�
.

In short,tofind therate-optimalunfoldingfactorof adata-flow
graph

�
, we compute��� �	� (a polynomial-timeoperation[3])

andreducetheresultingfractionto lowestterms.Thedenomina-
tor of this fractionis ourdesiredunfoldingfactor.

6 Experimental Results
Let’s considerthedata-flow graphrepresentationof a IIR fil-

ter. Assumethat a multiplier (shown below asa circle) require
four units of computationtime, asopposedto onefor an adder
(shown asa square). Furthermore,to complicateour example,
multiply the registercountof eachedgeby 2, referredto in [4]
asapplyinga slowdownof 2 to our original circuit. Theresultis
picturedin Figure8(a).
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Figure8: (a)A 2-slow secondorderIIR filter; (b) Thisgraphoptimizedby extended
retiming;(c) Thisgraphoptimizedby traditionalretiming

The resultingcircuit hasan iterationboundof 3, andcanbe
retimedvia extendedretiming to achieve this clock periodasin
Figure8(b) without unfolding. However, if we restrictourselves
to traditionalretiming,thebestclock periodwe cangetis 4. The
only way to obtainan optimal result is to unfold the graphby a
factorof 2 andretimefor a clockperiodof 6, asshown in Figure
8(c).

Repeatingthisexercisewith othercommonfiltersyieldsTable
2. In all cases,weachieve betterresultsby usingextendedretim-
ing, gettinganoptimalclock periodwhile requiringlessunfold-
ing. This improvementis illustratedby the last four columnsof
our table. Limiting ourselvesto traditionalretiming forcesus to

decidebetweentwo pooroptions:If wewantanoptimalclockpe-
riod wemustunfoldby alargerfactor, whichis listedfor eachex-
amplein thesecond-to-lastcolumnof Table2. Thisdramatically
increasesthesizeof ourcircuit,andthusthenumberof functional
unitswe requireandtheproductioncosts.On theotherhand,if
we want to unfold by our extendedunfolding factor (shown in
boldfacein the table),we will be forcedto accepta larger itera-
tion period(listedin thelastcolumnof thesametable).Theresult
is asmallercircuit runningat lessthanoptimalspeed.

Comp. Min. Optimal Iter. Pd.w/
Benchmark Time Slow- Iter. Unf. Factor Bold U. F.ù ú

down Bound Ext. Trad. Ext. Trad.

SecondOrderIIR Filter 1 4 2 3 1 2 3 4
SecondOrderIIR Filter 1 10 6 2 1 6 2 10
2-CascadedBiquadFilter 4 25 6 ���� 2 6 5.5 12.5
All-Pole LatticeFilter 2 5 12 û� 2 6 1.5 2.5
All-Pole LatticeFilter 1 12 7 4 1 7 4 12
Fifth OrderElliptic Filter 2 12 16 ü� 2 8 3.5 6
Fifth OrderElliptic Filter 2 30 20 ���� 2 20 5.5 15

Table2: Experimentalresultsfor commoncircuits

7 Conclusion
In this paper, we have improved our previous resultby com-

biningextendedretimingwith unfolding.Wehaveshown thatthe
orderin whichweretimeandunfold is immaterial;this is demon-
stratedby the combinationof Theorems3.1 and4.2. We have
also developeda methodfor calculatingthe optimal unfolding
factorfor extendedretiming:computetheiterationbound,reduce
it to lowestterms,thenusethedenominatorof theresultingfrac-
tion. Our resultin this article indicatesthatwe shouldbeableto
find a retiming immediatelywithout unfoldingfirst via a similar
method,but wehaveyet to developsuchaprocedure.

References

[1] L.-F. Chao.SchedulingandBehavioral Transformationsfor Parallel
Systems. PhDthesis,Dept.of Comput.Sci.,PrincetonUniv., 1993.

[2] L.-F. ChaoandE.H.-M. Sha.Schedulingdata-flow graphsvia retim-
ing andunfolding.IEEETrans.Parallel & DistributedSyst., 8:1259–
1267,1997.

[3] A. DasdanandR. Gupta.Fastermaximumandminimummeancycle
algorithmsfor system-performanceanalysis. IEEE Trans.CAD of
IntegratedCircuits& Syst., 17:889–899,1998.

[4] C. LeisersonandJ.Saxe. Retimingsynchronouscircuitry. Algorith-
mica, 6:5–35,1991.

[5] T. O’Neil and E. H.-M. Sha. Combining extended retim-
ing and unfolding for rate-optimalgraph transformation. Tech.
Rept. 99-12, Univ. of Notre Dame, 1999. Available online at
www.cse.nd.edu/tech reports/.

[6] T. O’Neil, S.Tongsima,andE. H.-M. Sha.Extendedretiming:Opti-
mal retimingvia a graph-theoreticalapproach.In Proc. ICASSP-99,
vol. 4, pp.2001–2004,1999.

[7] T. O’Neil, S. Tongsima,andE. H.-M. Sha. Optimal schedulingof
data-flow graphsusingextendedretiming. In Proc. ISCA12th Int.
Conf. Parallel & DistributedComputingSyst., pp.292–297,1999.

[8] K. Parhi and D. Messerschmitt. Static rate-optimalschedulingof
iterative data-flow programsvia optimum unfolding. IEEE Trans.
Comput., 40:178–195,1991.

[9] M. RenforsandY. Neuvo. The maximumsamplingrateof digital
filters underhardware speed. Trans. Circuits & Sampling, CAS-
28:196–202,1981.

-6-


