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Abstract

Marny computation-intenge iterative or recursve applicationscom-
monly foundin digital signalprocessingandimageprocessingapplica-
tions canbe representethy data-flowgraphs(DFGs). The executionof
all tasksof a DFG is called an iteration, with the averagecomputation
time of aniterationtheiteration period A greatdealof researcthasbeen
doneattemptingto optimizesuchapplicationsby applyingvariousgraph
transformatiortechniquego the DFG in orderto minimize this iteration
period. Two of themostpopularareretimingandunfolding which canbe
performedn tandento achiere anoptimaliterationperiod.However, the
resultis atransformedyraphwhichis muchlargerthantheoriginal DFG.
To theauthors’knowledge thereis no techniquewvhich canbe combined
with minimal unfoldingto transforma DFG into onewhoseiterationpe-
riod matcheghatof the optimal scheduleundera pipelineddesign.This
paperproposes new techniguegxtendedetiming which doesjust this.
We constructthe appropriateretiming functionsand designan efficient
retimingalgorithmwhich maybeapplieddirectlyto a DFGinsteadof the
larger unfoldedgraph. Finally, we shaw throughexperimentsthe effec-
tivenesof ouralgorithms.

Index terms: SchedulingPata-flav graphsRetiming,Unfolding, Graph
TransformationTiming Optimization

1 Intr oduction

Because the most time-critical parts of real-time or
computation-intenge applicationsare loops, we must explore
the parallelismembeddedn the repetitve patternof aloop. A
loop canbe modeledasa data-flowgraph (DFG) [2]. Thenodes
of a DFG representasks,while edgesbetweemodesrepresent
datadependencieamongtasks. Eachedgemay containa num-
berof delays(i.e. registers). This modelwas originally usedin
circuitry [4] andhassincebecomepopularin otherfields.

In our previous work [6,7], we proposedan efficient algo-
rithm, extendedetiming whichtransformsa DFGinto anequia-
lent graphwith maximumparallelizatiorandminimumschedule
length. However, thereremainapplicationsfor which our origi-
nal framevork will not deliver the bestpossibleresult. We wish
to correctthis exclusionin this paper

The executionof all tasksof a DFG is calledaniteration. A
very popularstratgy for maximizingparallelismis to transform
the original graphby schedulingmultiple iterationssimultane-
ously a techniqueknownn asunfolding[8]. While the graphbe-
comesmuchlarger, the averagecomputatiortime of aniteration
(theiteration period) canbereduced.In our previous work, we
demonstratethatextendedetimingallows usto achieve anopti-
maliterationperiodwhentheiterationperiodis aninteger In this
paper we refine our original schemeso that extendedretiming
may be combinedwith unfolding. We thenshaw thatthis com-
binationachievesoptimality in all casesIn fact,we will seethat
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this combinationattainsan optimalresultwhile doinga minimal
amountof unfolding. We find thatthe combinationof traditional
retimingandunfoldingdoesnot correctlycharacterizéheimple-
mentationusing a pipelineddesignand, therefore tendsto give
alarge unfoldingfactor Thuswe notonly maximizeparallelism
by usingextendedretiming, but we alsominimizethe sizeof the
necessaryransformedyraph.

In additionto unfolding,oneof themoreeffective graphtrans-
formationtechniquess retiming wheredelaysareredistributed
amongthe edgessothatthe function of the DFG G remainsthe
same put thelengthof thelongestzero-delaypath(the clodk pe-
riod of G, denotedcl(@G)) is decreasedThis techniquewasin-
troducedin [4] to optimize the throughputof synchronousir-
cuits,andhassincebeenusedextensiely in mary diverseareas.
We have shawn previously thatneitherunfolding[5] northistra-
ditional form of retiming [6] can produceoptimal resultswhen
appliedindividually, but the combinationwill achiee optimal-
ity [2].

To illustratetheseideas,considerthe exampleof Figurel(a).
The numbersnsidethe nodesrepresentomputatiortimes. The
shortbarlinescuttingtheedgefrom nodeC to nodeB (hereafter
referredto by the orderedpair (C, B)) represeninter-iteration
dependenciesetweerthesenodes.In otherwords,thetwo lines
cutting (C, B) tell usthattask B is of our currentiterationde-
pendson dataproducedby task B two iterationsago. This rep-
resentatiorof suchadependengis calleda delayon the edgeof
the DFG.
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Figurel: (a) A data-flav graph;(b) Thescheduldor the DAG partof Figurel(a).

It is clearthatthe clock period of this graphis 14, obtained
from the pathfrom A to C. Sinceaniterationof the DFG may
be scheduledvithin 14 time unitsasin Figure1(b), theiteration
periodof this graphis also14. However, if we wereto remove
adelayfrom (C, A) andplaceit on (A, B), theiterationperiod
(i.e. clock period)would bereducedo 10 while notaffectingthe
function of the graph. The exampleshavs how retiming may be
usedto adjusttheiterationperiodof aDFG.

How smallcanwe malke our iterationperiod? Sinceretiming
preseresthe numberof delaysin a cycle, theratio of a cycle’s
total computatiortime to its delaycountremaindfixedregardless



of retiming. The maximumof all suchratios,calledtheiteration
bount] actsasalower boundon theiterationperiod. In the case
of Figure1(a), thereareonly two cycles,the smallonebetween
nodesB andC with time-to-delayratio% = 2, andthelargeone
involving all nodeswith ratio 2. Thustheiterationboundfor the
graphis Z.

Sincethecomputatiortimesof all nodesareintegral, it seems
impossibleto get a fractional iteration period. However, recall
thattheiterationperiodis the average time to completeaniter-
ation. If we cancompletetwo iterationsof our graphin 7 time
units,the averagewill equalour lower bound,andour graphwill
berate-optimal.To gettheseiterationstogetheiin our graph,we
mustunfold the graph. If we canunfold our graph f timesto
achieve this lower bound,our schedules saidto berate-optimal
andf is calledarate-optimalunfoldingfactor. We areinterested
in finding the minimumsuchunfoldingfactor
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Figure 2: (a) The DFG of Figure 1(a) unfoldedby a factorof 2; (b) Figure 2(a)
retimedby extendedretiming to be rate-optimal;(c) The optimal scheduléfor the
retimedgraph.

As anexample let'sunfoldthegraphof Figurel(a)by afactor
of 2, asshawvn in Figure2(a). (We will discussour algorithmfor
doing this in detail later) We canschedulean iteration of this
new graph—whichs equialentto schedulingwo iterationsof our
original graph—inthe samel4 time units. We have doubledthe
sizeof our graph,but we have alsoreducedour iteration period
to 7. We cannow retimethis unfoldedgraphaswe did above to
reduceour clock periodto 10, which furtherreducegheiteration
periodto 5. Unfortunatelythisis the bestwe cando by unfolding
twice andusingtraditionalretiming.

If we werepermittedto move adelayinsideof A, asshavnin
Figure 2(b), our clock periodwould become?, the iteration pe-
riod would becomeg andwe would have optimizedourgraph,as
we canseeby the schedulén Figure2(c). Thisis theadwantage
of extendedretiming over traditionalretiming: we areallowedto
move delaysnot only from edgeto edge,but from edgeto ver
tex. We seefrom this thatthe combinatiorof traditionalretiming
andunfoldingdoesnotcompletelygive thecorrectrepresentation
of the graphs schedulegspeciallywhenwe assumea pipelined
implementation.

An unfoldingof 2 combinedwith extendedetimingoptimizes
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the graphof Figure1(a). If we limit ourselesto traditionalre-
timing, we mustunfold the original DFG four times. After we
retimein additionto unfolding,we cannow schedulet iterations
of the original graphin 14 time steps,reducingour iterationpe-
riod withoutretimingto % We seethattraditionalretimingtends
to overestimatethe rate-optimalunfolding factor resultingin a
graphthatrequiresmoreresource$or execution.

Note that the graphoptimizedby extendedretiming and un-
folding is half the size of that optimizedby traditionalretiming
andunfolding. Thereis avery clearadwantagean usingextended
retiming, but thereare currentlytwo dravbacksto this method.
First,asproposedextendedretimingonly permitsthe placement
of assingledelayinsideary node. Thisis too severea limitation
for whatwe wantto do now. Also, the only methodfor applying
extendedetimingandunfoldingis theonewe've outlined: unfold
the graphandthenretime. Sinceretimingis muchmore expen-
sive thanunfoldingin termsof computatiortime, it is preferable
to first applyextendedretimingto thesmalleroriginalgraph then
unfolding. However, we mustbe certainthatthe two operations
canbe performedin ary orderandstill achieve optimality. We
alsohave the questionof knowing exactly how muchto unfold a
graphbeforeit canbe optimized. As we've said,unfolding dra-
matically increaseshe size of the graphwe’re working with, so
we don't wantto do ary moreunfoldingthanis absolutelyneces-
sary

In this paper we will demonstratex new form of retiming,
extendedretiming which achiees an optimal result while re-
quiring the useof a smallerunfoldedgraph,andthusfewer re-
sources.We modify our original definition of extendedretiming
to accommodatéhepossibilitythatmultiple delaysareplacedin-
sidea node. This permitsusto combineextendedretiming with
unfolding. Whenwe wish to apply unfolding and extendedre-
timing to a graph,we have two options: first retime the graph
thenunfold it, or unfold it thenretimethe unfoldedgraph. We
will shaw thatthesetwo methodsareequivalentandconstructhe
correspondingetiming functions. Finally, we will demonstrate
that the minimum rate-optimalunfolding factorfor a data-flav
graphis the denominatornf the irreducibleform of the graphs
iterationbound. Thuswe have devised a techniquethat, when
combinedwith unfoldingby theminimumrate-optimalinfolding
factor transformsagraphinto onewhoseterationperiodmatches
thatof therate-optimakchedulaindera pipelineddesign.To the
bestof ourknowledge thisis thefirst methodthatcandothis.

2 Background & ExtendedRetiming

In this section,we wish to presenthe definitionsandresults
relatingto unfolding and unfoldedgraphs. We will rely on this
previously-presentebbackgroundnaterial[1,8] heavily aswe es-
tablishour new results.

Recall that a data-flow graph (DFG) is a finite, directed,
weightedgraphG = (V, E, d, t) whereV is asetof computation
nodes,E is asetof edgeshetweemodesd : E —N is afunc-
tion representinghe delay countof eachedge,andt : V —N
representinghe computatiortime of eachnode.

Now, let f be a positive integer We wish to alter our graph
sothat f consecutie iterations(i.e., executionsof all of aDFG'’s
tasks)arevisible simultaneouslyTo dothis,we createf copiesof
eachnode replacingnodeu in theoriginalgraphby thenodesu
throughuy in our new graph.This processs knowvn asunfolding
the graphG f times andresultsin the unfoldedgraph Gy =
(Vy,Ey,dy,ts). Thevertex setVy is simply the union of the f



copiesof eachnodein V. Sincethey areall exact copies,the
computatiortimesremainthesamej.e. t; (us) = t(u) for every
copy uys of u € V. Eachedgeof G alsocorrespond$o f copies
in theunfoldedgraph.However, thedelaycountsof thecopiesdo
not matchthat of the original edge. In general.anedge(u;, v;)
having d delaysin the unfoldedgraphrepresents precedence
relationbetweemodex in theit” iterationandnode in iteration
d - f + j in the original graph. This ideais formalizedin the
following theoremwhichis provenin [2].

Thm 2.1 Lete = (u,v) bean edg in DFG G. Let f bean
unfoldingfactor for G. Then:

1. Vi,5€{0,1,2,...,f —1},Fanedees = (us,v;) in Gy
iffd(e) =ds(ef)- f+37—1.

2. Vi, j € {0,1,2,...,f —1} withj = (¢ + d(e)) mod £, 3
anedges = (ui, ;) in G withdy () = |22 | ifi < j
and [ﬂfe)] otherwise

3. The f copiesof edge e in Gy are the edges e; =
(ui, VU(i+d(e)) mod f) fori = 0, 1, 2, cey f — 1.

4. Thetotal numberof delaysofthe f copiesof edg e is d(e),
ied(e) ="t dy(ed).

Finally, aclassiaesultfrom[4] characterizetheupperbound
of a graphs cycle periodin termsof the computatiortime of its
longestzero-delaypath. The analogougesultfor an unfolded
graphis provenin [2].

Thm 2.2 Let G bea DFG, ¢ a potentialcycleperiodand f an
unfoldingfactor

1. c(Gy¢) =max{T(p) : p € Gisapathwith D(p) < f}.
2. c(Gy) < ciff D(p) > fV pathsp € G with T(p) > c.

An extended (or f-extended)retiming of a DFG G =
(V,E,d,t) is afunctionr : V —-ZxQf where,forallv € V,
r(v) =i+ (%, oy t%)) for someintegersi, r1, 72, ..., ¢
where0 < r, < t(v) for k = 1,2, ..., f. We view theinteger
constant asthe numberof delaysthatarepushedo eachoutgo-
ing edgeof v, while the f-tupleliststhepositionsof delayswithin
thenodev. Notethata valueof zerowithin the f-tupleis merely
aplaceholdeusedto simplify our notation;we cant have adelay
atthis position.Also for simplicity we will expresshe f-tupleas
t(l—v) (r1,72,...,75) Or asasinglefraction t’(";) whenf = 1.

We can seefrom this definition that »(v) canbe viewed as
consistingof anintegerpartandafractionalpart. We will usethe
notatiork, (v) to denotehevalueof thisintegerpart,while £, (v)
will bethenumberof non-zeracoordinatedn the f-tuple. Wewill
alsoassumehroughouthis paperthatthe elementof an f-tuple
arelistedin increasingorder For example,considerthe graphof
Figure3(a). A 3-extendedretimingwith r(A) = 1+ £ (0,3,7),
r(B) = 1 andr(C) = 0 resultsin the retimedgraphof Figure
3(b). For this retiming, 2, (A) = (B) = 1 ands,.(C) = 0,
while ®,(A) = 2 and®R, (B) = ®,(C) =0.

Aswith standardetiming,wewill denoteheDFG retimedby
r asG, = (V, E,d,,t). Whenwe definethe delaycountof the
edgee = (u,v) afterretiming,we mustremembeto includede-
layswithin eachend-nodeaswell asdelaysalongthe edgeitself.
Furthermorewe previously defineda pathp to beaconnectede-
quenceof nodesandedgeswith D(p) beingthepathstotaldelay
count. If we now require D(p) to countthe delaysboth among
the nodesand alongthe edgesof p, we caneasily obtainthese
properties:
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Figure3: (a) AnothersampleDFG; (b) This DFG retimedto have clock period4

Lem 2.1 LetG bea DFG withoutsplit nodesandr an extended
retiming Thentheretimeddelaycounton:

1. edee = (u,v) isd(e) + 1, (u) — 2 (v) + R (w).
2. pathp : u = vis D(p) + 1(u) — 2, (v) + R (u).
3. cyclel € Gis D(¥).

Given an edgee = (u,v), we used,(u — v) to denote
the total numberof delaysalongan edge,including delayscon-
tainedwithin the endnodesu andv. However, we will referto
the numberof delayson the edgenot including delayswithin
end nodesas d-(e) asin the traditional case. Using the ex-
amplefrom Figure 3(b), letes = (4,B), e2 = (B,C) and
es = (C,A). Thend,(A — B) andd,(C — A) areeach
2 dueto a split end-node even thoughd, (e1) andd.(es) are
eachzero. As with traditional retiming, an extendedretiming
is legal if d,(e) > 0 for all edgese € E andnormalizedif
min, 2,(v) = 0. Notetwo things. First, if r is anextendedre-
timing, thend,. (v — v) = d,(e) + R, (u) + R, (v) for all edges
e = (u,v) € E. Also, ary extendedretimingcanbe normalized
by subtractingmin, 2, (v) from all valuese, (v).

We have defineda pathabove to be a connectedsequencef
nodesand edges. This definition assumeghat a pathincludes
all piecesof its initial and final nodes. On the otherhand,we
will definea connectedsequencef nodesand edgeswhich in-
cludesonly someof the piecesof its initial andfinal nodesto be
a subpath For example,considerthe graphof Figure3(b). Any
path which begins or endswith node A mustinclude all three
piecesof node A, while a subpathmay begin or endat ary of
A’s piecesand doesnot have to containall of A. Thusa path
is a subpath but a subpathis not necessarilya path. It should
be clearthat somepiecesof the end-node®f a patharemissing
whenwe discussa subpath. If a nodew is split by ®,(u) de-
lays, we canseethat we areleft with , (v) + 1 pieceswhich
we can denotein orderas u?, ul,..., u® ). Soif we hae
a subpathfrom «’/ to v*, the delay count of the subpathwill
equalthat of the path from » to », minusthe j delayswhich
separatehe first j + 1 piecesof « from one another minus
the R, (v) — k delaysseparating®, v***,..., v® ) In short,
D, (W = v*) = D(p) +1- (v) — 1, (v) + R» (u) — R, (v) +k— 7,
wherep is the pathfrom u to v. Notethatthisis consistentwith
our previouslemma,sincethe pathfrom « to v is thesameasthe
subpattfrom «° to v® ). Finally, notethat,in a graphG with
split nodes,cl(G) is the maximumcomputationtime amongall
zero-delaysubpathf G.

3 Unfolding Then Retiming

In this sectionandthe next, we will prove one of our major
results:thatthe combinationof extendedretimingandunfolding



yieldsthe sameminimal iterationperiod,no matterwhich trans-
formationis performedfirst. We will do thisin two steps.First,
we wishto shav that,for every extendedretimingof theunfolded
graphwhichgivesusacertaincycle period,we canconstrucare-
timing onthe original graphwhichyieldsthe samecycle period.
Toillustrateouridea,let’s unfold the graphof Figure3(a)two
timesto producethe graphof Figure4(a). We now try to achiere
rateoptimality by usingthe methodof [2] to schedulehis graph
with acycle periodof 8, asshavn in Figure4(c). Notethatwe've
unfoldedthis graphas muchaswe wantandwill do no further
unfolding. Thus, we can apply the resultfrom [7], cutting the
graphimmediatelybeforethefirst occurrenceof the lastnodeto
enterthe schedulgshavn herewith a dashedine) andreading
the extendedretimingimmediately This methodgivesusanex-
tendedretiming of r(A0) = 15, r(Al) = 13, r(C1) = 0,
andr(B0) = r(B1) = r(C0) = 1, whoseapplicationto the
graphin Figure4(a)resultsin thegraphin Figure4(b).If G isthe
graphin Figure3(a),thenthe graphin Figure4(b)which hasfirst
beenunfoldedthenretimedis denotedas(Gy),.
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Figure4: (a) The DFG of Figure 3(a) unfoldedtwice; (b) This DFG retimed; (c)
This DFG's schedulewith cycle period8

We now wish to usethis retiming on the unfoldedgraphto
derive aretimingfor theoriginal graph.Whatwe will doisto add
themusinga specialadditionoperatord on the setof extended
retimingsfor a particulamodewhichaddstheintegerpartsof the
retimingswhile concatenatinghe fractionalparts. Formally, for
eachnodeu andpositive integers: andy,

r(ui) @ 7(uy)

(u(ui) + @(aly---aan)>
o) (u(uj-) + @(ﬂl, ---ﬁm))
1

(lT(ui) + /Lr(uj)) + m (01, (L) an,ﬂl, very ﬂm) (1)

Thus, for our example,r(4) = 15 & 1% = 2+ 15(7,3),
r(B) =1&1 = 2andr(C) = 10 = 1. Normalizing
this and reorderingthe 2-tuple into ascendingorder gives us a
2-extendedretiming of r(A4) = 1+ %(3,7), r(B) = 1 and
r(C) = 0, aretiming similar to the one that we found earlier
to achieve the graphin Figure3(b). (This graph,the versionof
G from Figure 3(a) which is retimedthen unfoldedto achieve
optimality, is denotedasG, 5.)

Now thatwe've establisheavhatwe wantto do, we canapply
theseideasto the generalcaseand prove the following theorem
asin [5].

Thm 3.1 Let G bea DFG withoutsplit nodesc a cycleperiod
and f anunfoldingfactor For everylegal extendedretimingr ¢
on the unfoldedgraph G sud thatcl ((Gy)-,;) < ¢, 3 alegal
extendedetimingr ontheoriginal G sud thatcl(G,,f) < c.

4 Retiming Then Unfolding

Thefirst half of our desiredresultwasfairly simple;this half
will bemuchmorecomplicated We begin by shaving ourdesired
resultfor traditional retimings.

Thm 4.1 Let G bea DFG withoutsplit nodesc a cycleperiod
and f an unfoldingfactor For ead legal retimingr on G suc
thatcl(Gr,s) < ¢, 3 alegal retimingr; on the unfoldedgraph
Gy sudhthatcl((Gy)r,) < c.

The proof of this theoremappearsin [2], so we will only
briefly discusst. Letr; bearetimingon Gy andletdy,,, (ef)
be the delay countof e afterwe applyry to Gy. We wantto
find afunctionry suchthatdy,,, (ef) = d,s(ers) for all edges
es in Gy, whered, ¢(e, ¢) is the delaycountof e, s in G, 5.
Sincedy,,, (ey) = dg(ef) +7f(us) — ¢ (v;) by theanalogueof
Lemma2.1(1)for traditionalretimings,our conditionbecomes

rr(wi) —rr(v;) = drf(err) —dp(ef) Ver = (ui,v5). (2)

Since(2) constitutesa consistentinear systemwith integer solu-
tionry, outtheoremis proved.

We now wish to prove theaborve theoremfor extendedretim-
ings by reducingthis caseto the traditionalone. We have seen
thatan extendedretiming on a data-flav graphgivesusinstruc-
tions on how to split a nodeinto smallerpieces. What we will
do is constructa new graph,replacingeachsplit nodewith the
propersmallerpieces. This newv graphcanthen be retimedto
have optimal clock periodby atraditionalretimingwhich canbe
derivedfrom thegivenextendedone.Having translatedbur orig-
inal graphandextendedretiming to a newv graphandtraditional
retiming, we may thenapply our abose theorem derive a retim-
ing for theunfoldedgraph,andthentranslatebackto our original
graph.

Considerthe sampledata-flav graphG in Figure5(a) below.
Recallthat the 2-extendedretimingwith r(4) = 1+ (3,7),
r(B) =1 andr(C) = 0 appliedto G achievesthe optimalclock
periodof 4. We now wish to usethis functionto constructan
extendedretimingfor G unfoldedtwice.

We've seerthatourextendedetimingcallsfor usto splitnode
A into threepieceswith computationtimes 3, 4 and 3, respec-
tively, while the othernodesremainwhole. So, if we split A as
shavn in Figure 5(b), the resultinggraph can achieve rate op-
timality via traditional retiming. We will call sucha graphan
extendedgraph anddesignatehe extendedgraphproducedy a
DFG G andextendedretimingr asX ",

As we've pointedout, we shouldbe ableto retime X&' to
be rateoptimal usingonly a traditionalretiming, i.e. aretiming
without a fractionalcomponentRecallthatthe fractionalpart of
r(A) abore calledfor the placemenbf delaysbetweenthe first
and secondpiecesand secondand third piecesof A, with one
delaypassinghroughthe nodeandontothe outgoingedge;thus
threedelayscomeinto A while only oneleaves. In our extended
graph,this is equialentto passinghreenodesthroughnode A°,
leaving one on eachof the edges(A°, A') and (A", A®) while
theloneremainingdelaypasseshroughA?. Thusthetraditional
retimingp on X %" definedasp(A°) = 3, p(A') = 2, p(4A?) =
p(B) = 1 andp(C) = 0 is equialentto the extendedretiming



r on G andresultsin aretimedextendedgraphwith clock period
4,asshavn in Figure5(c). In keepingwith our previousnotation,
theextendedgraphX & retimedby p will benamedX $".
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Figure5: (a) Our sampleDFG; (b) Theresultingextendedgraph;(c) This extended
graphretimedto have clock period4

Whenwe unfold Xf” twice, as shavn in Figure 6(a), the
resultinggraphhasa clock periodof 2 x 4 or 8 and unfolding
factor f = 2. Accordingto our theoremabore, we must be
ableto constructa retiming py for the twice-unfoldedextended
graph(showvn in Figure 6(b)) which resultsin a clock period of
8. We do soby matchingeachedgees = (u;,v;) of Xf” (Fig-
ure6(b)) with anedgee,,; = (U(i—r(u)) mod f5 V(j—r(v)) mod f)
from Xp(’:;f (Figure 6(a)) asin [2], thenusingthis matchingto
constructthe linear systemof equations(2) for this particular
graph. All of this informationis given in Table 1. We now
solwe this systemfor the valuesof p; andfind a retiming with
ps(A3) =2, ps(Co) = ps(A?) = ps(B1) = ps(C1) = 0 and
ps(A5) = ps(A3) = ps(Bo) = ps(A]) = ps(Ai) = 1, which
leadsto theretimedgraph(Xf”),,f shavn in Figure7(a).

A, (=1 c,
Ao (s,
L @4
B, (9 4
(V=3 4,
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Figure6: The extendedgraphunfoldedtwice: (a) after retimingfirst; (b) with no
retiming

We now usethis retiming to constructa retiming r¢ for our
originalunfoldedgraph.Notethat,in Figure7(a),we have placed
a delay on the edge (A9, A). However, sincenode AJ was
merely our way of representinghe first part of node Ao in our
unfoldedgraph, our extendedgraphis calling for usto placea
delaywithin Ay which separateshis first piecefrom the restof
the node. Sincethis piecetakesthreetime units, we defineour
extendedretimingsothatthefractionalpartof rs(Ao) is . We
alsohave p;(A2) = 1, which callsfor usto pushadelaythrough
thelastpieceof Ao ontotheoutgoingedge andsotheintegerpart

-5-

| ef ds €p.f d, s Eqguation |
0 1 0 1 0 Iy —
ﬁ?’i8§ : i%’ﬁ%§ o o=
0410 Q> ps (Ag) —pr (Ag) =0
A3, By 0 Af, By 0 ps (AZ) —ps(Bo) =0
(Bo,Co) 0 (B1,Co) 1 pg(Bo)—ps(Co) =1
gco,A?g 1 ECO,Agg 0 ps(Co)—ps (A9) =1
il o fl e wlh Y.
VI A N
1, B1 0, Bo ps (A7) —ps(B1) =0
(B1,C1) 0 (Bo,Ci) 0  pg(B1)—ps(C1)=0
(C1,A8) 2 (Ci,A}) 0 pp(Cr) —ps (AR) =2

Tablel: Tableof matchingedgesandlinearequationgrom Figures6(a)and6(b).

of r£(Ao) mustbe 1. Similarly, thedelayon (A}, A7) separates
thelast pieceof A; from theinitial partof the node. Sincethis
first parthasa total computationtime of 7, andsincewe do not
pusha delaythroughA?, we needto have r;(A4;) = ;. Since
we split no othernodesvhenwe constructeaur extendedgraph,
we canlet r¢(u) = ps(u) for all remainingnodesu, giving us
afinal retimingof r;(Ao) = 13, rg(Bo) = 1, 74(Co) = 0,
r§(A1) = & andrg(B;) = rg(C1) = 0. Applying this retim-
ing to our original unfoldedgraph,shavn in Figure7(b), results
in thegraphof Figure7(c), whichindeedhasa clock periodof 8.

A, (3 Cl @
A0 (v8

@) (b) ©

Figure7: (a) The unfoldedextendedgraphof Figure6(b) now retimedby p; (b)
Ouroriginal graphunfoldedtwice; (c) This graphretimed

Usingthe ideasthat we've just run through,we cannow for-
mally prove our desiredresult,asin [5].

Thm 4.2 LetG = (V, E, d, t) bea DFG withoutsplit nodes¢ a
cycleperiodand f an unfoldingfactor For everylegal extended
retimingr on G sud thatcl(G,,r) < ¢, 3 alegal extendedre-
timingr; ontheunfoldedgraph Gy sucthatcl((Gy)-,) < c.

5 Min. Rate-Optimal Unfolding Factors

As we've said,aniteration of a data-flav graphis simply an
executionof all nodesonce. The averagecomputationtime of
aniterationis calledtheiteration period of the DFG. If the DFG
G containsa cycle, the averagecomputatiortime of the cycleis
thetotal computatiortime of the nodesdivided by the numberof
delaysin the cycle. This ratio mustbe smallerthanthe iteration
periodof the whole graphsincethe cycle constitutesa subgraph
of G. If we computethe maximumtime-to-delayratio over all
cyclesof G we derive alower boundon theiterationperiodof G.
This maximumtime-to-delayratio is calledthe iteration bound
[9] of G andis denotedB(G).



If theiterationperiodof a graphs scheduleequalshegraphs
iterationbound the schedulés saidto berate-optimal As we've
saidthroughoutthis papey our goalis to achieve rate-optimality
via retimingandunfolding. If adata-flav graphcanbe unfolded
f timesandachieve rate-optimality(i.e. a clock periodequalto
f-B(G)), wesaythatf is therate-optimalunfoldingfactorfor G.
Oblviously we wish to achieve rate-optimalitywhile unfoldingas
little aspossible.To this endwe needto computethe minimum
rate-optimalunfolding factorfor ary graph. We begin by stat-
ing this link betweena graphs clock periodanditerationbound
whichis provenin [5]:

Lem 5.1 Let G be a DFG without split nodesc a cycleperiod
and f anunfoldingfactor Then3 a legal extendedetimingr on
G sudthatcl(Gr s) < ciff B(G) < $.

We thisin handwe cannow shaw, asin [5]:

Thm 5.1 LetG bea DFG withoutsplit nodes.Let/ bea critical
cycleof G, i.e. B(G) = 573 Letg = ged{T(¢), D(¢)}. Then

% is the minimumrate-optimalunfoldingfactor for G.

In short,to find therate-optimalinfoldingfactorof adata-flav
graphG, we computeB(G) (a polynomial-timeoperation[3])
andreducetheresultingfractionto lowestterms. Thedenomina-
tor of thisfractionis our desiredunfoldingfactor

6 Experimental Results

Let's considerthe data-flav graphrepresentatioof alIR fil-
ter. Assumethata multiplier (shavn belonv asa circle) require
four units of computationtime, asopposedo onefor an adder
(shavn asa square). Furthermoreto complicateour example,
multiply the registercountof eachedgeby 2, referredto in [4]
asapplyinga slowdownof 2 to our original circuit. Theresultis
picturedin Figure8(a).

Figure8: (a) A 2-slav secondrderlIR filter; (b) This graphoptimizedby extended
retiming; (c) This graphoptimizedby traditionalretiming

Theresultingcircuit hasaniterationboundof 3, andcanbe
retimedvia extendedretimingto achiee this clock periodasin
Figure 8(b) without unfolding. However, if we restrictoursehes
to traditionalretiming, the bestclock periodwe cangetis 4. The
only way to obtainan optimalresultis to unfold the graphby a
factorof 2 andretimefor a clock periodof 6, asshawvn in Figure
8(c).

Repeatinghis exercisewith othercommorfiltersyields Table
2. In all caseswe achieve betterresultsby usingextendedretim-
ing, gettingan optimal clock periodwhile requiringlessunfold-
ing. This improvementis illustratedby the lastfour columnsof
our table. Limiting oursehesto traditionalretiming forcesusto
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decidebetweertwo pooroptions:If wewantanoptimalclock pe-
riod we mustunfold by alargerfactor whichis listedfor eachex-
amplein the second-to-lastolumnof Table2. This dramatically
increaseshesizeof ourcircuit, andthusthenumberof functional
units we requireandthe productioncosts. On the otherhand,if
we want to unfold by our extendedunfolding factor (shavn in
boldfacein the table),we will beforcedto accepta largeritera-
tion period(listedin thelastcolumnof thesametable). Theresult
is asmallercircuit runningatlessthanoptimalspeed.

Comp. Min. Optimal Iter. Pd.w/
Benchmark Time Slow- Iter. Unf. Factor BoldU.F.
—+ | X down Bound Ext. | Trad. Ext. | Trad.
SecondOrderlIR Filter 1 4 2 3 1 2 3 4
SecondOrderlIR Filter 1 10 6 2 1 6 2 10
2-Cascade8iquadFilter 4 25 6 lrl— 2 6 55 12.5
All-Pole LatticeFilter 2 5 12 35 2 6 1.5 2.5
All-Pole LatticeFilter 1 12 7 4 1 7 4 12
Fifth OrderElliptic Filter 2 12 16 z 2 8 35 6
Fifth OrderElliptic Filter 2 | 30 20 i3 2 20 5.5 15

Table2: Experimentatesultsfor commoncircuits

7 Conclusion

In this paper we have improved our previous resultby com-
bining extendedetimingwith unfolding. We have shawvn thatthe
orderin whichwe retimeandunfoldis immaterial;thisis demon-
stratedby the combinationof Theorems3.1 and4.2. We have
also developeda methodfor calculatingthe optimal unfolding
factorfor extendedetiming: computetheiterationbound,reduce
it to lowestterms,thenusethedenominatoof theresultingfrac-
tion. Ourresultin this articleindicatesthatwe shouldbe ableto
find a retiming immediatelywithout unfolding first via a similar
method but we have yetto develop suchaprocedure.
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