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Retiming Synchronous Data-Flow Graphs to Reduce
Execution Time
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Abstract—Many common iterative or recursive DSP appli- computation time of the longest zero-delay path) was decreased
cations can be represented by synchronous data-flow graphs in order for the application to be more efficiently scheduled for
(SDFGs). A great deal of research has been done attempting 0 gyacytion on multiprocessors [4]-[6]. It was later extended to

optimize such applications through retiming. However, despite its . o
proven effectiveness in transforming single-rate data-flow graphs the more general SDFG model in order to extend vectorization

to equivalent DFGs with smaller clock periods, the use of retiming capabilities [29] or minimize the total delay count of an SDFG
for attempting to reduce the execution time of synchronous DFGs [28]. However, the problem of using retiming to minimize the
has never been explored. In this paper, we do just this. We develop clock period of a multirate DFG has remained unexplored. In

the basic definitions and results necessary to expres and study ip,; r. we will di his problem and or meth
SDFGs. We review the problems faced when attempting to retime ;orsart):igfnblisehing t(:ﬂSSC;J;SSkt s problem and propose a method

an SDFG in order to minimize clock period and then present s R )
algorithms for doing this. Finally, we demonstrate the effectiveness ~ The benefits of retiming single-rate data-flow graphs are

of our methods on several examples. widely reported in the literature. (See several cited in [19].)
However, reworking our retiming methods so that they may be
|. INTRODUCTION applied to multirate DFGs is not easy. The difference between

INCE the most time-critical parts of DSP applications artehe single-rate and multirate models lies in the specification of

. ) roduction and consumption rates on each edge; in single-rate
oops, we must explore the parallelism embedded in tII?e P 9 9

" raphs, all such rates are assumed to be the same, whereas
repetitive pattern of a loop. One of the most useful models fglrfferent rates for different edges are typically specified when
representing DSP applications has proven to benthétirate 9 ypically sp

or synchronous data-flow graptSDEG) first proposed by Lee constructing SDFGs. Two pitfalls were noted in [30]. First of

[15]. The nodes of an SDFG represent functional elemen?s”’ a retiming may be derived for a single-rate DFG by solving

. a linear programming problem [18]. The introduction of rates
whereas edges between nodes represent connections betwee - . .
.0n the edges potentially changes this to a more complicated
them. Each node consumes and produces a predetermin . : :
integer linear programming problem. We later show that this

fixed number ofdelays(i.e., data tokens) on each invocation, _": 2 : . .
Additionally. each edae mav contain some initial number rticular ILP system exhibits special properties that permit an
Y, 9 y ef{icient solution. Second, the introduction of rates invalidates

delays. This model has proven popular with designers of sign o )
processing programming environments [11], [13], [21], [27fe traditional results regarding the delay counts of paths and

L . . .cycles, depriving us of many useful results derived for the
with its use leading to numerous important results regardin priving y

the scheduling [9], hierarchization [24], vectorization [23], ana gle-rate case. Specifically, n the smglg—rate case, we sgek
. . 0 remove zero-delay paths with excessive total computation
multiprocessor allocation [10], [15] of DSP programs.

. times. It is not clear what we want to avoid in the multirate

A great deal of research has been done attempting to opti-_ o

. . T . ‘case; a specific delay count on one path may or may not be

mize various aspects of an application’s execution by applyin . e
gdequate, depending on what rates have been specified.

various graph transformation techniques to the application SThe most popular method to date for retiming SDFGs was

SD.FC.;' One of the more effective of .th‘?se techniques {5 avoid the problem entirely by translating the SDFG to its
retiming [17], [18], where delays are redistributed among theIn le-rate equivalent and retiming this new graph [12]. The
edges so that hardware is optimized while the applicationss g 9 9 grap :

; . L o . aossibility of then translating this new graph back to an equiv-
function remains unchanged. Retiming was initially applie | . . :
) o T ent retimed SDFG was mentioned in [28]. Unfortunately, as
to single-rate DFGs to optimize the application’s scheduf"e . : . . )
of tasks so that thelock periodof the graph (i.e., the total We will demonstrate, it may be impossible to translate a retimed
P graph (1.€., single-rate graph back to a retimed SDFG. The original idea is
flawed as well in that performing retiming only once replaces
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its single-rate equivalent. We will review retiming and point oL

. . . 1 -2
the problems that arise when it is applied to SDFGs. We w 0o 1 _01
propose polynomial-time algorithms (in the size of the SDFG 0 -1 1
single-rate equivalent) that retime a given SDFG to have a spe -1 0 2

fied clock period. Finally, we will demonstrate the effectivenes
of our algorithms by applying them to several examples, in ¢
cases achieving a provably minimal clock period.

In the next section, we will formalize the fundamental con- Fig. 1. (a) Sample SDFG. (b) Its topology matfix.
cepts related to the study of synchronous data-flow graphs. We
then discuss retiming and the problems we face as we apply i{ip;j)th entry in the topology matrix indicates the number of
SDFGs. Next are our retiming algorithms, followed by detailetbkens produced by thgth node on theith edge, whereas a
examples. Finally, we summarize our work and point to fututgegative entry here gives the number of tokens consumed by

(@) (b)

directions for study. node; from edgei. All other entries are zero. As an example,
the topology matrix of Fig. 1(a) is given in Fig. 1(b).
Il. SYNCHRONOUSDATA-FLOW GRAPHS In [15], it was demonstrated that a repeating sequential

The concept of a synchronous data-flow graph was developf’ﬁ(:hedUIe can be constructed for an SDEGH the rank of

d ) o
an used extenivey by Lee and esserschm 1-16 fff P 1009/ TR e e s e e e o
later by Zivojnovicet al. [25], [28], [30]. In this section, we ' y !

. . o ! ) . we will see shortly.) If this condition holds, there is a positive
review their definitions and ideas in order to formalize these . ;
Integer vectory in the nullspace of the topology matrix. The
concepts. . : .
vector with the smallest norm from this nullspace is called the
repetitions vectofRV) (or basic repetition vectoin [2]) for G.
_ For example, the RV for the SDFG in Fig. 1(ayis= [2 1 1]7.
A synchronous data-flow grapt8DFQ (sometimes called The elements of a RY indicate that;; copies of node;; must

a multirate or regular data-flow graph) is a finite, directed, pe executed during every iteration of the static schedule. In

A. Basic Definitions

weighted graphG = (V,E.d.t,p,c) where we have the oyr example, we must schedule two copiesioéind one copy
following. each of B andC each time; see Fig. 2(a). Finally, an SDFG is
1) V is the vertex set of nodes actors which transform consistentf it has an RV. An example of an inconsistent SDFG
input data streams into output streams. from [15] appears as Fig. 2(b), with its rank-3 topology matrix
2) E C V x Visthe edge set, representing channels whiéh Fig. 2(c). It is clear that any attempt to execute this circuit
carry data streams. will end in either deadlock or overflowed buffers.
3) d: E — N U{0} is a function wherel(e) is the number
of |n|t|a| tokens ae|ay$ on edg@ B. Constructing an Equivalent HDFG
4) t: V — Nis a function with¢(v) the execution time of  |n order to study an SDFG, it is sometimes useful to create its
nodewv. equivalent homogeneous data-flow grgfHG). As the name

5) p: E — Nis afunction withp(c), which is the number implies, an EHG performs the same function as the original
of data tokens produced &t source node to be carriedSDFG but is constructed so that each edge carries at most one

by e. _ _ _ o token. Since each node is expecting to either produce or con-
6) ¢ : E — Nis a function withe(e), which is the number sume more data than this, an EHG compensates by inserting
of data tokens consumed froerby e’s sink node. multiple edges between nodes.

(In this definition,N is the set of natural numbets, 2,3, .. .}.) Algorithms for creating EHGs appear in [2] and [26]. In gen-
If p(e) = ¢(e) = 1forall ¢ € E, we say that7 is ahomo- eral, they first create enough copies of each node to satisfy the
geneous data-flow grapfHDFG). HDFGs are also sometimesspecifications of the RV. They then insert edges. If nodes in an
referred to asingle-rate data-flow graphsr simplydata-flow SDFG are connected by a zero-delay edge, then the first data
graphs token produced by the first copy of the source must be consumed
To illustrate, consider the SDFG given in Fig. 1(a). The nuniby the first copy of the sink in the EHG. If there are delays on
bers above the nodes represent the execution times for thean-edge, the data contained here is consumed first so that the
dividual tasks, whereas the smaller numbers at either endfioét new token produced is in fact needed by a later copy of
an edge denote tokens produced or consumed. As an exaniple sink. Such algorithms determine which copies of source and
t(A) = 2, whereag(B) = t(C) = 1 in the figure. Further- sink to map to one another based on how much data has been
more, the numbers at either end of the edge connectiagd created and used. As an example, the EHG of Fig. 1(a) appears
B indicate that nodel produces one token on this edge when in Fig. 3(a). Note that for purposes of clarity, we do not combine
executes, whereas nodeconsumes two tokens from this edgedges between nodes, as is typically done. If multiple tokens are
each time it fires. to be sent between nodes in the EHG, each travels along its own
It is sometimes useful to characterize an SDFG by itxige.
topology matrix which is an|E| x |V| matrix similar to an  Finally, as derived in [2] and [7], we will say that an SDFG is
incidence matrix. Each row corresponds to one edge in thee if its EHG has no zero-delay cycles. Otherwise, the graph
graph, whereas each column corresponds to a node. A positveleadlocked An example of a consistent deadlocked graph
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Fig. 2. (a) Repeating schedule for Fig. 1(a). (b) Inconsistent SDFG. (c) Its topology métrix
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Fig. 3. (a) EHG of Fig. 1(a). (b) Deadlocked SDFG. (c) Its EHG.

appears as Fig. 3(b), with its EHG in Fig. 3(c). Aswe can see, the Proof: The idea is to push all delays down the path and

loop between noded andB; contain no delays, and thereforepnto the final edges,,_;. Moving the delays frone; through

it is impossible to schedule them since each must precede theand ontoc, producesg,(vz)d(e1) + d(ez) delays one,.

other. It should be clear that an SDFG must be both live aibving these further down the path and omtoyields a count

consistent in order for it to have a repeating static schedule. of g,,(v3)(g,(v2)d(e1) + d(ez)) + d(es) delays ores. Contin-
uing in this fashion, we eventually arrive @f_; with

C. Delay Count of a Path

In [28], Zivojnovic et al. briefly discussed computing thlel-  g,,(v2)g,(v3) . . . gp(vn—1)d(c1)

mulative delay countf a path in an SDFG, which is the sum g (v) g (v d(es) + -+ d(e,_

of the delay counts of all copies of the path in the EHG. They 9p(va) - gp(vn-1)d(e2) (en-1)

omitted many details that would have aided understanding gt delays. -

their ideas and then added to the confusion with typographicalre chief issue with this result is the consistency of the delay

errors. Because of the necessity of these results for complgignt for a cycle. As an example, consider the cytle: B —

understanding of the SDFG model, we will now review, clarifyy _, 4 i Fig. 1(a). When the nodes are visited in this order,

and expand their line of reasoning. the cycle contains four total delays. However, when visited in
A pathp in an SDFG is an ordered sequence of nodes afgk orderc — 4 — B — C. the delay count becomes 2.

edges. Given a node on pathp with incoming edgeein and  There is still some gap in our understanding that requires further
outgoing edges,.t, we will define therate gainof » in p as investigation.

9p(v) = (p(eout))/(c(ein)). This figure provides some measure
of a node’s production. If the rate gain is larger than 1, the node
is producing more than it is consuming; otherwise, we are taking
more than we are giving. For example, inthe path (A, B, C) A great deal of research has been done attempting to optimize
in Fig. 1(a),g,(B) = 1/2, indicating that every group of two the schedule of an application’s tasks after applying various
delays pushed througB along p results in one delay being graph transformation techniques to the application’s HDFG.
produced as output froms. One of the more effective of these techniquesraiming

With this concept in hand, we can now demonstrate the fqlt7], [18], where delays are redistributed among the edges
lowing. so that the application’s function remains the same while the

Theorem 11.1: Let G be an SDFG. Lep be a path inG  execution time decreases. Despite its usefulness when applied
consisting of the nodes,, v», . .., v, connected by the edgesto HDFGs, the application of retiming to SDFGs was explored
et v — viyp fori = 1,2,... . n — 1. Then, the cumulative only marginally prior to 1994 [12], [20] before being studied by
delay count ob is D(p) = Z;:ll 9p(Vit1) - - gp(vn—_1)d(e;).  Zivojnovic et al primarily as a way to minimize the delay count

Ill. RETIMING
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Fig. 4. (a) Fig. 1(a) retimed. (b) Its EHG. (c) Its repeating schedule.
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Fig. 5. (a) Unit-time SDFG. (b) Its EHG. (c) Its retimed EHG.

of an SDFG [28], [30]. In this section, we intend to review th&@his can be clearly seen from the schedule in Fig. 2(a), where
basics of retiming, explore some of the pitfalls that arise whaverlapped iterations create higher throughput. (The iteration
studying retiming of SDFGs, demonstrate the effectivenessériod of an SDFG can be overestimated using the ideas from
retiming, and propose two algorithms for retiming SDFGs. [25] without constructing the EHG, but our method yields a
) o tighter bound, which is important as we attempt to minimize
A. Basic Definitions the iteration period of an SDFG next.)
As we have said, @ath in either an SDFG or an HDFG A retimingr : V' — N U {0} is a function that specifies a
is any sequence of nodes and edges. dlbek periodcl(G) transformation of a grap&. It labels each vertex with a factor
of an HDFGG is then defined to be the length of the longeddy which production and consumption rates are multiplied when
zero-delay path [3]. This definition is problematic if we attemptomputing the delay counts of the edges in the transformed
to apply it directly to SDFGs, as we can see if we do so @aph. The effect is to change into the retimed grapli, =
Fig. 3(b). We would conclude that the clock period equals 2V, E, d., t,p, c), whered,.(¢) = d(c) + p(e)r(u) — c(e)r(v)
but in reality, the graph must have an infinite clock period bdor each edge = (u,v) in E [28], [30]. A retiming islegal if
cause of the problems scheduling nodeandB,. Thus, we are d..(¢) > 0 for all edges: € E. As an example, a legal retiming
forced to define the clock period of an SDFG to be equal to thgth r(A) = 2 andr(B) = 7(C) = 0 transforms the SDFG of
clock period of its EHG. As an example, the clock period of theig. 1(a) into that of Fig. 4(a). Examining the EHG in Fig. 4(b),
SDFG in Fig. 1(a) is 4 by this definition. we see that we have now achieved an optimal clock period of 2,
Similar problems arise when we attempt to minimize thehich translates into the more compact schedule of Fig. 4(c). Fi-
clock period. We will say that aiteration of an SDFG is hally, as in [28], the retimed delay count of a patts D,.(p) =
the execution of all nodes of its EHG once. The averade(p) + gp(v2) ... gp(vn—1)p(e1)r(v1) — c(en—1)7(vn).
computation time of one iteration is then called iteration o
period of the SDFG and is equal to the iteration period of thE- Problems Retiming EHGs
EHG. (In Fig. 1(a), the iteration period is also 4.) If an SDFG On first glance, it appears that we should just be able to re-
contains a loop, then the iteration period is bounded frotime the EHG via traditional methods and then map back to the
below by theiteration bound[22], which is defined to be the original SDFG, as was proposed by Zivojnovic [28]. Unfortu-
maximum time-to-delay ratio of all cycles in the EHG. Fonately, the initial translation from SDFG to EHG is too com-
example, the EHG in Fig. 3(a) contains three lodps;:, B, C)  plexto permitthis. As an example, consider the unit-time SDFG
and(A4,, B, (), each with a total computation time of 4 andyiven in Fig. 5(a), with its EHG appearing in Fig. 5(b). A re-
delay count 2, andB, C), with computation time 2 and delaytiming with »(A) = »(B;) = 1 andr(B;) = »(C) = 0 trans-
count 1. Thus, the iteration period of the graph in Fig. 1(a) is forms the EHG into the graph shown in Fig. 5(c) with clock
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Fig. 6. (a) Path in an SDFG. (b) Its homogeneous equivalent.

period 2. We now wish to try and match this with some retimeathen we do our calculations below. While this makes sense, itis
version of the original SDFG but have a problem with the delssomewhat different from what has always been done and must
count of the edge betweet and B. If the new delay count is be noted.
1, the EHG should have no delay on the edgeB-) and one  Another additional cost that the problem of insufficient de-
delay on( A, B;), which is exactly the opposite of what we aclays forces us to pay comes in the form of additional checks for
tually have. On the other hand, if the retimed delay count isl@gality. In the original algorithms from [18], only one delay ata
or more, then bot{A4, B;) and (A, B:) should have nonzero time was moved, which was a stipulation that did not cause the
delay counts, which also contradicts what we have. In any capegposed retiming to become illegal at any intermediate step (as
there can be no direct matching in this case. If we are to retirpeoven in [18]). Because we are now pulling groups of delays
SDFGs, we must work directly on the original graph itself.  through nodes, this situation no longer exists, and therefore, we
will have to check for legality at every stage of an algorithm.
The question now is to determine exactly how many delays to
IV. RETIMING AN SDFG view as sufficient. Let : © — v be an edge in an SDFG. Each
ccopy ofu in the EHG createp(u) tokens. By the definition of

we must develop methods for retiming the SDFG directly. In thibe EHG, each of these is to travel along a separate edge. Since

section, we refine the methods of [18] to deal with this situatiof’€"€ aréz. copies of node: in the EHG, there must then be a
total of ¢,, - p(e) edges to carry all of the data, each of which we

expect to require a delay when we retime the graph. Similarly,
copies ofv are each receiving(e) tokens, and therefore, there

Unfortunately, the retiming algorithms we will propose willmust bey, - c(¢) edges for these data. We will use either of these
either be pessimistic or expensive. The reason for this is that flaires as the number of tokens required by an edge in the SDFG
original methods we are using as a basis were themselves baiiting retiming.
on one result from [18]:

Theorem IV.1:Let G be an HDFG and: a potential clock B, First Method—Linear Programming
period.cl(G) < ¢ if and only if every path inG with total
computation time larger thanhas delay count larger than 1. Jﬂllowing dea

The problem now is that insufficient delays along a path in . )
SDFG do not necessarily translate into a zero-delay path in theTheorem IV.2: Let G = (V.E, d,’ t,p,c) be an SDFG with
EHG. As an example, consider the unit-time SDFG in Fig. 6(a)" ¢ Let¢ be a potential clock period. Léf be the EHG fol.
with its EHG given in Fig. 6(b). Fot = 2, examining only the efine D{u, v) to be the minimum number of delays along any
original SDFG would lead us to retime this path, even thougﬁ‘?th fromu t0 v in H, and definel’(u, v) to be the maximum
such an exercise is unnecessary. To avoid such false paths,(\)/\t%I computatlon tlmg of any path fr_omt ov W'.th delay count
must construct intermediate EHG's for study, which is a ver, (u,v)in H. Then,r.|s a legal retiming of with cl(G,) < ¢
costly process. it we have the following.

In a similar vein, as in [1], the nature of an EHG raises the 1) c(e)r(v) —p(e)r(u) < d(e) foralledges: : v — vin G.
guestion of what a path actually is. The traditional definition 2) c(e)r(w) — p(e)r(u) < d(e) — gu - p(e) for all paths
says that a path is a sequence of nodes and edges. Since we now 7 : « = v With T(u,v) — t(u) < ¢ < T(u,v), where
have multiple edges between nodes, we must be very careful € : © — wis the edge inr with source node..
to consider all paths resulting from such multiple copies. To 3) c(e)r(v) — p(e)r(w) < d(e) — gu - c(e) for all paths
illustrate, the traditional definition would dictate that there is 7 : w = v With T(u,v) — #(v) < ¢ < T(u,v), where
one path fromd to Cs in Fig. 6(b). Because of the pair of edges € : w — v is the edge inr with source nodev.
betweenB; andC3, we will abuse our definition slightly and Proof: For (1), aretiming:is legalifand only ifd,.(¢) > 0
say that there are in fact two paths betweleandCs in the EHG  for all edgesz, which happens if and only #(e) + p(e)r(u) —

Since we cannot retime an SDFG by working with its EH

A. Initial Problems

We begin with a mathematical solution based entirely on the
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c(e)r(v) > 0 for all ¢, where both results are derived from deffig. 6(a) as; and that fromB to C' ases, we see from Figs. 6(a)
initions. Simple algebraic manipulations now yield the desireahd (b) that;4 = 1, g = 3, andp(e1) = ¢(e2) = 2; therefore,
result. the second and third conditions of Theorem IV.2 give us the in-

The remaining criteria ensure that there is no zero-delagualities
path in the EHG with computation time too large. If
T(u,v) — min{t(u),t(v)} > ¢, then the path from: to r(B) — 2r(A)
v contains a subpath that must have positive delay count; there- 2r(C) — 3r(B)
fore, it suffices to consider only the cases we have specified.

The conditions for (2) dictate that the path framto v has Since the second system supersedes the first, it is sufficient to
small enough computation time; we only have a problem whealve only the second and derive a solution with) = »(B) =

we add an initial edge from to w to the path. Therefore, if 1 and~(C) = 0. Applying this function to Fig. 6(a) yields a
we make sure that the retimed delay count for this initial edgetimed graph withd,.(c;) = 2 andd,.(co) = 6, leading to an

is large enough for every copy of the edge in the EHG to ha#HG where all edges in any copy of this path contain a delay.
a nonzero delay count, each copy of the path in the EHG wiflonsidering the observation that the graph was already optimal,
have nonzero delay count, and the conditions of Theorem I\ see that our algorithm costs us a great deal in this case.

will be satisfied. Since there artg - p(e) copies of this edge

in the EHG, we wantl,.(¢) to exceed this figure, leading to the
stated criterion. Condition (3) is derived in the same manné
dealing with the final edge in the path rather than the firdfut AnHDFGG = (V. E,d, 1)

edge. - Output: The values ofl'(u, v) and D (u, v) for all connected nodes andv

This result leads to an algorithm that may perform wastefuf® ¢ < ¢t VI —1do
operations; it may be possible that the delay counts of the other® 7 < 0t IVl —1do
edges in the path are sufficient so that retiming is unnecessary, " ¢ = J then
but we will retime anyway. Because of this result, we can con- [ = (0.0
struct a system of linear inequalities that can be solved in poly- ©'¢
nomial time by the Bellman-Ford algorithm [8]. Furthermore,
because we are working with values derived from the EHG, we
will avoid the false path problem.

Making use of this idea requires us to calculdteand D,
which are the maximum computation time and minimal delay® &' 49es
counts along paths between nodes, respectively. Algorithm /v < (d(e), —t(w))
1 below is based on the method of [18], constructing a maS"
trix M and manipulating it via the Floyd—Warshall all-pairs ©" * < 0t [Vl —1do
shortest-path algorithm [8] to compute these values for an ™ ¢ < 0t [Vl—1do
EHG. Once we have these figures, we compiitand D for for j = 0to V] —1do
the original SDFG by setting it M[i, 5] > M[i, k] + Mk, j then

Mli, j] «— MJi, k] + Mk, 5]
D(u,v) = min{D(u;, v;)} end if

end for

-1
-3.

IA A

|gorithm 1 Computing max. comp. time and min. delay count along critical paths
L

Ml[i, j] « (o0, 00)
end if

end for

end for

:w — vinGdo

and end for
T(u,v) = max{T(u;, v;) | D(u;,v;) = D(u,v)}

end for

. . . for ¢ «— 0to |V]| — 1do
whereu; is a copy ofu, andv, is a copy ofv in the EHG. We

are forced to work with the EHG due to the problems we noted
earlier regarding the calculation of a path’s delay count.
As an example of the potential wastefulness, let us demon-
strate our ideas on the path in Fig. 6(a) first with- 2. Recall end for
that this example does not need to be retimed given these con-
ditions. There are only two edges we are considering; therefore,
the first condition of Theorem IV.2 gives us two inequalities: ~ For another interesting example, consider Fig. 7(a), with
4. (Since all nodes in the graph taketime units to execute,
r(B)—-2r(4) <1 this is the smallest clock period we can hope to achieve.) Its
2r(C) — 3r(B) < 3. EHG is given in Fig. 7(b). Th€ and D values derived from
this graph are given in [19]; suffice it to say that for each pair of
There is only one path satisfying the computation time requireertices: andv connected by an edge in the SDFGu, v) = 8
ments of the second and third conditions—that franto C. andD(u,v) = 0, except thatD(D, A) = 7. Let us begin by
(Indeed, one can see tha{A, C;) = 3 andD(A,C;) = 1 attempting to satisfy the second and third conditions of Theorem
fori = 1,2, 3; a complete table dI’ and.D values for this ex- [V.2. Since all nodes have computation time 4 in this example,
ample may be found in [19].) Denoting the edge frdnto Bin  we need only consider paths with total computation time 8. We

for j «— Oto|V]| — 1do
D[i, j] «— Mli,jl.=
Tli, 4] — #(3) — M, 4]y
end for
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graph of Fig. 8(b), whose EHG appears in Fig. 8(c). An exami-
nation of this EHG reveals that we have indeed found a retiming
that achieves our desired clock period. We also see that due to
the different rates of production and consumption by each of the
nodes, the delay counts in the cycles no longer appear to match.

C. Second Method—Relaxation

Alternately, we can more efficiently seek our retiming via
relaxationon the edges of our graph. We do this by topologically
sorting our vertices (so thatprecedew if there is a zero-delay
edge(w, v) in the EHG [8]) and then sweeping along the sorted
list. When we get to a point where the current path is too long,
we insert enough delays to break the path up into sufficiently
small pieces. We then verify that we are allowed to do this. If
we cannot, then there is no retiming, and we return with an error;
otherwise, we sweep further. Once our prospective retiming has

14 ’ been found, we test the retimed graph to make sure that the clock
@ ® period is within our requirements. If it is, we have found a way
to retime the SDFG; otherwise, there is no such retiming.
Fig. 7. (a) Example SDFG. (b) Its EHG. We begin our construction by considering Algorithm 2: the

O(|E|)-time algorithm from [18] for finding the length of the
derive five inequalities: one for each of the paths (edges) frdfngest zero-delay path into each vertex of a HDFG. This pro-
AtoB,AtoC,BtoD,CtoD,andD to A cedure first sorts the vertices so that those occurring early in the

list are connected to vertices later in the list by zero-delay edges.

2r(B) — 3r(A) < -6 It then traces through the list, associating each vertex with the

r(C) — 2r(A) < —4 length of its longest zero-delay path. If a vertex is not connected

- to a previous one, its path length must equal its own computa-

3r(D) —r(B) < =3 tion time; otherwise, its path length equals its own time, plus the

4r(D) —r(C) < —4 sum of the times of all the other vertices found along the path
r(A) — 2r(D) < 12. to this point. We require this algorithm not just for constructing

our retiming but also for verifying that our final retimed graph
Condition 1 also gives us five inequalities to satisfy based @xecutes within the required time frame.
edges in the original SDFG. However, each of these inequali-
ties is replaced by one of the tougher restrictions we have jl).&?gt

“th f . ffi id v th _ orithm 2 Find computation time of most expensive zero-delay path to all vertices
s_eeg, tbere ore, It suffices to consider only the constraints qlr%-ut: ANHDFG G = (V, E, d, 1)
rived above. Output: The |V |-length vectorr

Before we can proceed’ we must multlply each of our equa‘T’opologically sort the vertices af, with u precedingw if there is a zero-delay edge

tions by properly chosen constants so that the coefﬂmentsfroolr‘n wiowin G

each variable occurrence match. Completing this exerciseleaves = . edlido

us with the SyStem if v has no zero-delay incoming edgedhthen

T(v) «— t(v)

4r(B) — 6r(A) < —12 e
37(0) — 67(A) S —12 7(v) «— t(v) + max{7(u)|Je : v — vin G with d(e) = 0}
12r(D) — 4r(B) < —12 end if
12r(D) — 3r(C) < =12 end for
67’(A) _ 127’(D) <72 return +

As in [8], we can now model our set of inequalities by the con- With this in hand, we can now proceed to our primary method,
straint graph of Fig. 8(a) and find the lengths of the shortegiven as Algorithm 3. We begin by retiming our SDFG with the
paths fromw, to all other nodes to get an answeraf A) = 0, resultto date and constructing its EHG. The EHG is then handed
4r(B) = —12, 3r(C) = —12, and12r(D) = —24. Since we to Algorithm 2 to find the lengths of the maximum paths to all
prefer positive retimings, we normalize this answer by addingrtices. At this point, if the longest path length is sufficiently
24 to all values before dividing to produce our final answer afmall, we return our current retiming function as the final an-
r(A) = 4, 7(B) = 3, r(C) = 4, andr(D) = 0. (The se- swer. Otherwise, the vertices in our SDFG fall into one of two
quence of events at this step is crucial; we can verify that djroups. If all copies of a vertex in the EHG are isolated (i.e.,
viding and then normalizing yields an incorrect answer.) Apzonnected to the rest of the graph only by edges containing de-
plying this function to the SDFG of Fig. 7(a) yields the retimethys), we do not wish to retime the node and remove it from
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(a) (1)) ©)

Fig. 8. (a) Constraint graph for inequality system. (b) Fig. 7(a) retimed. (c) Its EHG.

consideration. Otherwise, a copy of the nadiges along some  end for
zero-delay path in the EHG, and we may have to retime it. In for i «— 1to|V]|do
this case, we assign it a longest path lerfjtx) equal to the Construct the retimed grapli,. given the current
longest path length of any of its copies in the EHG. Construct the EHGH = (V’, E/, d’, ') for G,
We now consider nodes for further retiming. Since we want + — MaxPath(H)  /*Apply Algorithm 2*/
to push delays forward along our paths (rather than pulling them it max{=()|v € V'} <  then
backward as was done in [18]), we retime those nodes that occur retun »  /*All path lengths small enough; stdyy.
early in a path. This process is complicated by the different rates end it
of production and consumption on each node. For example, for forall v in v do

each delay drawn into nodd in Fig. 7(a), three delays are if no copy ofv in H is incident on a zero-delay edge Hi then
pushed onto the edge frorhto B and two delays onto the edge T(v) « oo

from A to C. Therefore, for each outgoing edge from such a  else

node, we calculate the number of delays needed to retime all  Y(v) — max{r(v;) | v; is a copy ofvin H}

copies of the edge in the EHG, subtract the number of delays end i
currently on the edge, adjust for the different rates of production end for
and consumption, and retime by the maximum of these needs. for all v with T(v) < ¢ do
Once all nodes are retimed, we test the prospective retiming for  »(») — @) + max{[(q, -p(e) —dr(e))/ple)] e : » —
legality, i.e., we check that retiming by our function does natin G.. for someu}
result in some edge containing a negative number of delays. If end for
we pass this test, we look further along our path for other nodes forall ¢ : w — vin Edo
in need of retiming. it d(e) + p(e)r(u) — c(e)r(v) < Othen
Once we have checked all nodes at least once and have de-  retumn FALSE  /*Retiming illegal; return with errér/
rived a legal retiming function, it is time to test our answer. end if
We repeat our earlier steps to find the lengths of the maximum end for
zero-delay paths to each node one last time. Since the length o&nd for
the largest zero-delay path in the EHG equals our clock period, Construct the retimed grap.. given the current /* Determine clock perigd/
this value is tested against our requested clock period. If itis still construct the EHGH for G-
too large, we cannot retime this SDFG to execute in the time we T — MaxPath(H)  /*Apply Algorithm 2 agairt /
wish and must return with an error. Otherwise, we have found if max{T(v)|v € V'} > cthen

our retiming. return FALSE /* No feasible retiming /
else

Algorithm 3 Retime an SDFG via Relaxation return = /" Otherwiser is the retiming /
end if

Input: an SDFGG = (V, E, d, t, p, c), a potential clock period
Output: A retiming » such thatl(G,.) < c if one exists
forall v ¢ V do We now demonstrate our method by executing it on the SDFG
r(w) — 0 of Fig. 7(a) withc = 4. Sorting the vertices of Fig. 7(b), com-
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with its EHG in Fig. 10(b). Note that due to nod¥s consump-
tion rate of 2, a retiming of 3 applied tB requires us to pull

2 x 3 = 6 delays in so that the proper number of delays is
pushed back out.

Studying the new EHG shows us that nofeis now cut
off, but nodeA requires further retiming. We havg(A4) = 4,
T(B) =7(C) =8andT(D) = oo now; therefore, only node
A must be retimed. Since both of the edgds B) and(A4, C)
are devoid of delays, we must agd = 2 onto the retiming
for A, giving us the function(4) = 4, »(B) = 3, »(C) = 4,
andr(D) = 0. The application of this retiming to the original
SDFG results in the graph of Fig. 8(b), and we have found our
answer.

However, we have a final pass of the algorithm to perform. We
construct and study the EHG of Fig. 8(c), find that the maximum
zero-delay path is an individual node with computation time 4,
conclude that we have found our retiming, and return it as our
answer before proceeding to the inner nested loops.

(@) ®)

Fig.9. (a)Retimed SDFG after one pass of algorithm. (b) Its EHG. D. Discussion

Our first method is a straight-forward problem in linear
programming but constitutes a very expensive solutiofi¥ ¥
(V,E,d,t,p,c) is our SDFG with EHGH = (V' E',d',t'},
then it takesO(|V’|*) time to derive the values ab and T’
via Algorithm 1 plus anotheO (|V]?) time to execute the
Bellman—Ford algorithm to find the shortest path lengths in our
constraint graph. There is no guarantee that this method will
yield an answer, and even if it finds a solution, it does so at a
great price.

Onthe other hand, our second procedure is more efficientthan
our first method and more intuitive. Since the construction of an
EHG and Algorithm 2 each requi@(| E’|) time, Algorithm 3
executes in onhO(|V||V’| + |V||E’|) time. However, while
we suspect that its success is both a necessary and sufficient
condition for an SDFG to be retimable to a given clock period,
it is unknown whether or not this is the case. In our defense,
the algorithm from [18] upon which this method is based was
also never proven both necessary and sufficient but has been
extremely useful in practice. We suspect that the algorithm we
(a) ®) have described here will prove just as valuable despite this log-

ical gap.

Fig. 10. (a) Retimed SDFG after two passes of algorithm. (b) Its EHG.

) ) ) V. EXAMPLES
puting longest path lengths, and taking the maxima reveals that

T(4) = 4, T(B) = Y(C) = 8, and (D) = 12 in this case. In this sec_:tion, we illustrate our methods further b)_/_applying
We thus only retime nodd at this step. Since there are no dethem to various SDFG_S found in the literature. Additional ex-
lays on the edgéA, B), our initial retiming has(A4) = ¢, =2 amples may be found in [19].
andr(v) = 0 for any other node. Pulling 2 delays througd i
pushes six delays onted, B) and four onto(A, C), as seen A First Example
in the retimed graph in Fig. 9(a), with its EHG appearing in Let us begin with a slowed version of the example from [30]
Fig. 9(b). givenin Fig. 11(a). The RV ig = [1 8 8 4]%". We will attempt
Looping back around, we see from Fig. 9(b) that only node achieve a clock period of 3, which equals the execution time
A is cut off; all other nodes lie along some zero-delay patbf node A and, hence, is minimal. If we apply our relaxation
Thus,T(A4) = oo, T(B) = T(C) = 4, andT(D) = 8 now, algorithm, we complete execution in two passes. The first time
calling for us to retime node® and C. Since neither of the through computes longest zero-delay path length&(ef) = 6,
edgeg B, D) nor(C, D) currently contains delays, our retimingY(B) = T(C) = 3, andT(D) = 2, leading to the retiming
now hasr(A) = 2, 7(B) = gqg = 3, 7(C) = q¢ = 4, and of all nodes exceptl. Sincep(¢) = 1 andd(e) = 0 for all
r(D) = 0. The new retimed graph is given below as Fig. 10(agdges: that emanate from eithd? or C, we haver(v) = ¢, =
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Fig. 11. (a) Another sample SDFG. (b) Fig. 11(a) retimed.

| Node | Description | Time |

Adaptive Low-Pass 1
FFT Zoom
Peak Detector
Interpolator
Decision
Zoom Control

| | O] O |
2o~~~

@ ()

Fig. 12. Simplified spectrum analyzer.

8 for v = B or C. On the other hand, two edges hakkeas
source node, both with production rate 2. Singe= 4, (D) =

(8 — 0)/2 = 4. This is a legal retiming, and when we begin the
next pass of our loop, we find that it is adequate for retiming
Fig. 11(a) to have clock period 3, thus terminating execution
of our algorithm with the retimed graph in Fig. 11(b), which
executes within our desired time interval.

4
16@16[—] 16@1 1/-])\ 4D 1@

&/
B. Simplified Spectrum Analyzer Fig. 13. Retimed analyzer.

Finally, let us apply our algorithms to a variation of the
simplified spectrum analyzer from [28], which appears iR

Fig. 12(a), with node descriptions in Fig. 12(b). This graph ha\’ ange.) Applying this retiming to the graph in Fig. 12(a)

an RV ofg = [16 1 1 1 4 1]¥; therefore, in the interests of de th hof Fia. 13. In th " f the alaorith
space, we will not display the EHG at each step. Instead,%f S the graph of F1g. nthe next pass of the algorithm, we

attern; if there are already sufficient delays on an edge, the
lue of the retiming for the edge’s source node will not

will describe the pertinent information. It can be shown th st check the clock period of this retimed graph, find that we
the lower bound on the clock period for this SDFG is 3, an ve achieved an optimal retimed graph, and return the current

therefore, we will attempt to retime it to be optimal. value of the retiming as our final answer.
When we apply our relaxation algorithm, we first see the

zero-delay path&F, B, C) and(A, B, C) that give usY'(A4) = VI. CONCLUSION

T(D)=1,T(B)=3,7T(C)=>5andY(E) = T(F) = 2. In this paper, we have established a notation for expressing
Thus, all nodes excejgt need retiming, and our formula givesand studying retimings of synchronous data-flow graphs. We
an initial retiming ofr(4) = p((A.B)) = 16, »(B) = have presented the difficulties involved with retiming SDFGs
p((B,C))/p((B,C)) = 1, »(C) = 0,7(D) = and then constructed a polynomial-time algorithm (in the
max{(p((D, E))/p((D, E))),p((D,F)) — 1} = 1, »(E) = size of the SDFGs homogeneous equivalent) for retiming a
(ge - p((E,A)) — 16)/(p((E,A))) = 0, and»(L") = synchronous graph so that it achieves a sufficiently small clock
p((F,B)) = 1. (The value forr(F) reveals an interesting period. Finally, we have demonstrated the effectiveness of our
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algorithm on several examples. In all cases we have studied, W&2] M. Renfors and Y. Neuvo, “The maximum sampling rate of digital filters
have been able to achieve minimal execution times, indicating ~ under hardware speedEEE Trans. Circuits Systvol. CAS-28, pp.

196-202, 1981.

the strength of our second algor'thm: o [23] S. Ritz, M. Pankert, V. Zivojnovic, and H. Meyr, “High-level software
Regardless of how good our algorithm may be, it is still not  synthesis for the design of communication systeniEEE J. Select.

proven to represent both necessary and sufficient conditions for ~ Areas Commun., Special Issue on Computer-Aided Modeling, Analysis

retiming. This proof, or the construction of an alternate methog,,,

and Design of Communication Linksol. 11, pp. 348-358, Apr. 1993.
——, “Optimum vectorization of scalable synchronous dataflow

that is necessary and sufficient, remains an interesting open graphs,”Proc. Int. Conf. Appl.-Specific Array Processppp. 285-296,
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R. Schoenen, V. Zivojnovic, and H. Meyr, “An upper bound of the
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(1]
(2]

(3]

[4]
(5]
(6]
(71
(8]
(9]

[10]

[11]

(12]

(13]

[14]

[15]

[16]
(17]
(18]

[19]

[20]

[21]

[27] M. Veiga, J. Parera, and J. Santos, “Programming DSP systems on mul-
tiprocessor architectures,” iRroc. Int. Conf. Acoust., Speech, Signal

REFERENCES Process.vol. 2, 1990, pp. 965-968.
S. S. Bhattacharya, P. K. Murthy, and E. A. L&ftware Synthesis from [28] V. Zivojnovic, S. Ritz, and H. Meyr, “Optimizing DSP programs
Dataflow Graphs Boston, MA: Kluwer, 1996. under the multirate retiming transformation,”Rroc. 7th Euro. Signal
G. Bilsen, M. Engels, R. Lauwereins, and J. Peperstraete, “Cyclo-static ~ Process. Confvol. 3, 1994, pp. 1597-1600.
dataflow,” [IEEE Trans. Signal Processingol. 44, pp. 397-408, Feb. [29] ——, “Retiming of DSP programs for optimum vectorizatioffoc.
1996. Int. Conf. Acoust., Speech, Signal Proceesl. 1, pp. 465-468, 1994.

L.-F. Chao, “Scheduling and behavioral transformations for parallel sys{30] V. Zivojnovic and R. Schoenen, “On retiming of multirate DSP algo-
tems,” Ph.D. Thesis, Dept. Comput. Sci., Princeton Univ., Princeton, NJ, rithms,” Proc. Int. Conf. Acoust., Speech, Signal Processl. 6, pp.
1993. 3310-3313, 1996.
L.-F. Chao and E. H.-M. Sha, “Retiming and unfolding data-flow
graphs,” inProc. Int. Conf. Parallel Processvol. Il, 1992, pp. 33—40.
——, “Static scheduling for synthesis of DSP algorithms on various
models,”J. VLSI Signal Processvol. 10, pp. 207-223, 1995.
——, “Scheduling data-flow graphs via retiming and unfoldindsEE
Trans. Parallel Distrib. Systvol. 8, pp. 1259-1267, Dec. 1997.
F. Commoner, A. W. Holt, S. Even, and A. Pnueli, “Marked directe
graphs,”J.Comput. Syst. S¢wol. 5, pp. 511-523, 1971.
-rrltl’ll—lmé:orlg]:VUY%rkEI\IIT(?(ISSI‘earVSVO}qIIFrl%gl L. Rivestyoduction to Algo- University of Notre Dame, Notre Dame, IN.

Lo ! : w His current research interests include loop transformations and data sched-
G. Gao, R. Govindarajan, and P. Panangaden, “Well-behaved dataﬂaﬁﬁg
programs for DSP computation,” iAroc. Int. Conf. Acoust., Speech, '
Signal Processvol. 5, 1992, pp. 561-564.
P. D. Hoang and J. M. Rabaey, “Scheduling of DSP programs onto mul-
tiprocessors for maximum throughpulZEE Trans. Signal Processing
vol. 41, pp. 2225-2235, June 1993. Edwin H.-M. Sha (S'88-M'92) received the B.S.E. degree in computer science
R. Lauwereins, M. Engels, J. A. Peperstraete, E. Steegmans, and J. ¥ad information engineering from National Taiwan University, Taipei, Taiwan,
Ginderdeuren, “GRAPE: A CASE tool for digital signal parallel pro-R.O.C., in 1986 and the M.A. and Ph.D. degrees from the Department of Com-
cessing,”IEEE Acoust., Speech, Signal Processing Magl. 7, pp. puter Science, Princeton University, Princeton, NJ, in 1991 and 1992, respec-
32-43, 1990. tively.
E. A. Lee, “A coupled hardware and software architecture for pro- From August 1992 to August 2000, he was with the University of Notre
grammable digital signal processors,” Ph.D. dissertation, Dept. Ele€tame, Notre Dame, IN. He served as Associate Chairman of the Department of
Eng. Comput. Sci., Univ. Calif., Berkeley, CA, 1986. Computer Science and Engineering since 1995. He is now a Tenured Full Pro-
E. A. Lee, W. H. Ho, E. Goei, J. Bier, and S. S. Bhattacharya, “Gabridlessor and the Head of the Computer Science Division with the Department of
A design environment for DSPJEEE Trans. Acoust., Speech, SignalComputer Science, University of Texas at Dallas, Richardson. His research in-
Processingvol. 37, pp. 1751-1762, Nov. 1989. terests include high-performance computer and network architectures, real-time
E. A.Lee and D. G. Messerschmitt, “Pipeline interleaved programmabdgstems and communications, parallel processing, embedded systems for DSP
DSP’s: Synchronous data flow programmindgZEE Trans. Acoust., and communications, hardware/software co-designs, high-level synthesis, ap-
Speech, Signal Processingl. ASSP-35, pp. 1334-1345, July 1987. plication-specific VLSI systems, Java and multimedia networking systems, and
——, “Static scheduling of synchronous data-flow programs for digitgbarallel and distributed systems. He has published more than 130 research pa-
signal processing,TEEE Trans. Comput.vol. C-36, pp. 24-35, Jan. pers in refereed conferences and journals.

Timothy W. O’'Neil (S'00) received the B.S. degrees in secondary education-

mathematics and computer science from Clarion University of Pennsylvania in
989. He received M.S. degrees in mathematics and computer and information
ciences in 1991 and 1993, respectively, both from The Ohio State University,

Columbus. He is currently pursuing the Ph.D. degree in computer science at the

1987. Dr. Sha has been serving as an editor for several journals, such as IEEE
——, “Synchronous data flow,Proc. IEEE vol. 75, pp. 1235-1245, TRANSACTIONS ONSIGNAL PROCESSINGandJournal of VLSI Signal Processing
1987. In 1994, He served as the Program Committee Chair for the Fourth IEEE Great
C. E. Leiserson and J. B. Saxe, “Optimizing synchronous systeins,”Lakes Symposium on VLSI. He also served as program committee members
VLSI Comput. Systvol. 1, no. 1, pp. 41-67, 1983. in numerous conferences such as the International Symposium on System Syn-
—, “Retiming synchronous circuitryAlgorithmica vol. 6, pp. 5-35, thesis, the International Conference on Parallel and Distributed Computing and
1991. Systems, and the International Symposium on the Frontiers of Massively Par-

T. W. O'Neil and E. H.-M. Sha, “Retiming synchronous data-flowallel Computation. He received Oak Ridge Association Junior Faculty Enhance-
graphs to minimize execution time,” Comput. Sci. Eng. Dept., Uniiment Award in 1994 and the National Science Foundation CAREER Award. He

Notre Dame, Notre Dame, IN, Tech. Rep. TR-00-08, 2000. was a Guest Editor for the Special Issue on Low Power Design of the IEEE
K. K. Parhi, “Algorithm transformation techniques for concurrent proTRANSACTIONS ONVLSI SYSTEMSin 1997. He is also serving as the Program
cessors, Proc. IEEE vol. 77, pp. 1879-1895, Sept. 1989. Chairs for the International Conference on Parallel and Distributed Computing

J.LPino, S. Ha, E. A. Lee, and J. T. Buck, “Software synthesis for DS®ystems in 2000 and 2001. He received the CSE Undergraduate Teaching award
using Ptolemy,’J. VLSI Signal Processvol. 9, pp. 7-21, 1995. in 1998.



