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Abstract

Many computation-intensive iterative or recursive applicationscommonlyfound in digital signalpro-
cessingandimageprocessingapplicationscanberepresentedby data-flowgraphs(DFGs). Theexecution
of all tasksof a DFG is calledan iteration, with theaveragecomputationtime of an iterationthe iteration
period. A greatdealof researchhasbeendoneattemptingto optimizesuchapplicationsby applyingvarious
graphtransformationtechniquesto the DFG in orderto minimize this iterationperiod. Two of the most
popularareretimingandunfolding, which canbeperformedin tandemto achieve anoptimal iterationpe-
riod. However, theresultis atransformedgraphwhichis muchlargerthantheoriginalDFG.In ourprevious
work, we proposeda new technique,extendedretiming, which canbe combinedwith minimal unfolding
to transforma DFG into onewhoseiterationperiodmatchesthatof theoptimalscheduleundera pipelined
design. In this paper, we augmentour previouswork by designingan efficient retiming algorithmwhich
maybeapplieddirectly to a DFGinsteadof thelargerunfoldedgraph.

Index terms: TaskScheduling,Data-flow graphs,Retiming,Unfolding, GraphTransformation,Timing
Optimization

1 Introduction

Becausethe most time-critical partsof real-timeor computation-intensive applicationsare loops, we must
explore the parallelismembeddedin the repetitive patternof a loop. A loop canbe modeledasa data-flow
graph(DFG) [4]. Thenodesof aDFGrepresenttasks,while edgesbetweennodesrepresentdatadependencies
amongtasks.Eachedgemaycontainanumberof delays(i.e. loop-carrieddependencies).Thismodelis widely
usedin many fields,includingcircuitry [8] , digital signalprocessing[7] andprogramdescriptions[2]

In our previous work [10–12], we proposedan efficient algorithm,extendedretiming, which transforms
a DFG into an equivalent graphwith maximumparallelization. However, thereremainedapplicationsfor
which our original framework will not deliver the bestpossibleresult. We have correctedthis exclusionand
demonstratedthat extendedretiming is a techniquewhich, whencombinedwith unfolding by the minimum
rate-optimalunfolding factor, transformsa graphinto one whoseiterationperiod matchesthat of the rate-
optimalscheduleundera pipelineddesign.To thebestof our knowledge,this is thefirst methodthatcando�
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this. However, we have not yet developedan efficient methodfor finding an extendedretiming underthese
revisedrules.Wewill accomplishthis taskin thispaper.

Theexecutionof all tasksof a DFG is calledan iteration. A very popularstrategy for maximizingparal-
lelism is to transformtheoriginal graphby schedulingmultiple iterationssimultaneously, a techniqueknown
asunfolding [13]. While the graphbecomesmuchlarger, the averagecomputationtime of an iteration(the
iteration period) canbereduced.In our previouswork, we demonstratedthatextendedretimingallows us to
achieve anoptimaliterationperiodwhentheiterationperiodis aninteger. Welaterrefinedouroriginalscheme
so that extendedretimingmaybecombinedwith unfolding. We thenshowed that this combinationachieves
optimality in all cases.In fact, we have shown that this combinationattainsan optimal resultwhile doing a
minimalamountof unfolding.Wefind thatthecombinationof traditionalretimingandunfoldingdoesnotcor-
rectly characterizethe implementationusinga pipelineddesignand,therefore,tendsto give a largeunfolding
factor. Thuswe not only maximizeparallelismby usingextendedretiming,but we alsominimize thesizeof
thenecessarytransformedgraph.

In addition to unfolding, one of the more effective graphtransformationtechniquesis retiming, where
delaysareredistributedamongtheedgessothatthefunctionof theDFG

�
remainsthesame,but thelengthof

thelongestzero-delaypath(theclock periodof
�

, denoted����� �	� ) is decreased.This techniquewasintroduced
in [8] to optimizethethroughputof synchronouscircuits,andhassincebeenusedextensively in suchdiverse
areasassoftwarepipelining[15] andhardware-softwarecodesign[5]. We have shown previously thatneither
unfolding[9] nor this traditionalform of retiming[11] canproduceoptimalresultswhenappliedindividually,
but thecombinationwill achieve optimality [4].

To illustrate theseideas,considerthe exampleof Figure1(a). The numbersinside the nodesrepresent
computationtimes. Theshortbar-lines cutting theedgefrom node 
 to node � (hereafterreferredto by the
orderedpair ( 

��� )) representinter-iterationdependenciesbetweenthesenodes.In otherwords,thetwo lines
cutting ��
���� � tell usthattask � is of our currentiterationdependson dataproducedby task � two iterations
ago.This representationof suchadependency is calledadelayon theedgeof theDFG.
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Figure1: (a)A data-flow graph;(b) Theschedulefor theDAG partof Figure1(a).

It is clearthattheclock periodof this graphis 14,obtainedfrom thepathfrom � to 
 . Sinceaniteration
of theDFG maybescheduledwithin 14 time unitsasin Figure1(b), the iterationperiodof this graphis also
14. However, if we wereto remove a delayfrom ��
���� � andplaceit on ������� � , theiterationperiod(i.e. clock
period)wouldbereducedto 10while notaffectingthefunctionof thegraph.Theexampleshowshow retiming
maybeusedto adjusttheiterationperiodof aDFG.

How smallcanwemakeour iterationperiod?Sinceretimingpreservesthenumberof delaysin acycle,the
ratioof a cycle’s total computationtime to its delaycountremainsfixedregardlessof retiming.Themaximum
of all suchratios,calledthe iterationbound, actsasa lowerboundon theiterationperiod.In thecaseof Figure
1(a),thereareonly two cycles,thesmallonebetweennodes� and 
 with time-to-delayratio � ����� , andthe
largeoneinvolving all nodeswith ratio ���� . Thustheiterationboundfor thegraphis �� .

Sincethecomputationtimesof all nodesareintegral, it seemsimpossibleto getafractionaliterationperiod.
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However, recall that the iterationperiodis theaverage time to completean iteration. If we cancompletetwo
iterationsof our graphin 7 time units, the averagewill equalour lower bound,andour graphwill be rate-
optimal. To get theseiterationstogetherin our graph,we mustunfold thegraph. If we canunfold our graph�

times to achieve this lower bound,our scheduleis said to be rate-optimal, and
�

is calleda rate-optimal
unfoldingfactor. Thispapershows thattheminimumrate-optimalunfoldingfactorfor adata-flow graphis the
denominatorof theirreducibleform of thegraph’s iterationbound.
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Figure2: (a) The DFG of Figure1(a) unfoldedby a factorof 2; (b) Figure2(a) retimedby extendedretiming to be
rate-optimal;(c) Theoptimalschedulefor theretimedgraph.

As anexample,let’s unfold thegraphof Figure1(a) by its minimal rate-optimalfactorof 2, asshown in
Figure2(a).Wecanscheduleaniterationof thisnew graph–whichis equivalentto schedulingtwo iterationsof
ouroriginalgraph–inthesame14 timeunits.Wehave doubledthesizeof ourgraph,but wehave alsoreduced
our iterationperiodto 7. Wecannow retimethis unfoldedgraphaswedid above to reduceourclockperiodto
10,which furtherreducestheiterationperiodto 5. Unfortunatelythis is thebestwe candoby unfoldingtwice
andusingtraditionalretiming.

If wewerepermittedto moveadelayinsideof � , asshown in Figure2(b),ourclockperiodwouldbecome
7, theiterationperiodwouldbecome�� andwewouldhave optimizedourgraph,aswecanseeby theschedule
in Figure2(c). This is theadvantageof extendedretimingover traditionalretiming: we areallowed to move
delaysnotonly from edgeto edge,but from edgeto vertex. Weseefrom this thatthecombinationof traditional
retimingandunfoldingdoesnot completelygive thecorrectrepresentationof thegraph’s schedule,especially
whenweassumeapipelinedimplementation.

An unfoldingof 2combinedwith extendedretimingoptimizesthegraphof Figure1(a).If welimit ourselves
to traditionalretiming,we mustunfold theoriginal DFG four times.After we retimein additionto unfolding,
we cannow schedule4 iterationsof theoriginal graphin 14 time steps,reducingour iterationperiodwithout
retimingto �� . Weseethattraditionalretimingtendsto overestimatetherate-optimalunfoldingfactor, resulting
in agraphthatrequiresmoreresourcesfor execution.

Notethatthegraphoptimizedby extendedretimingandunfoldingis half thesizeof thatoptimizedby tra-
ditionalretimingandunfolding.Thereis averyclearadvantagein usingextendedretiming,but therehavebeen
two drawbacksto this method.First, asoriginally proposed,extendedretimingonly permittedtheplacement
of asingledelayinsideany node.Thiswastooseverea limitation for whatwewantedto do,andwewereable
to generalizeour methodanddealwith this problemin [10]. However, theonly methodfor applyingextended
retimingandunfolding is the onewe’ve outlined: unfold the graphandthenretime. Sinceretiming is much
moreexpensive thanunfolding in termsof computationtime, it is preferableto first applyextendedretiming
to thesmalleroriginal graph,thenunfolding. We know from our resultsin [10] thatthetwo operationscanbe
appliedin any order, soit makessensethatweshouldbeableto developsuchanalgorithm.

In thispaper, wewill review ournew form of retiming,extendedretiming, whichachievesanoptimalresult
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while requiringtheuseof a smallerunfoldedgraph,andthusfewer resources.It is definedin sucha manner
asto allow usto combineextendedretimingwith unfolding. Whenwe wish to applyunfoldingandextended
retiming to a graph,we have two options: first retimethe graphthenunfold it, or unfold it thenretimethe
unfoldedgraph.Wehaveshown thatthesetwo methodsareequivalentin [10]. Becauseof thisequivalence,we
arenow ableto designanefficient extendedretimingalgorithmwhich canbeapplieddirectly to theoriginal
graph. We show this for graphswhoseiterationboundsareoneor larger, which encompassesall non-trivial
examples.This resultimprovesour previouswork, theapplicationof which couldproducea retimingfunction
only for thelargerunfoldedgraph.Finally, wewill demonstratethattheminimumrate-optimalunfoldingfactor
for adata-flow graphis thedenominatorof theirreducibleform of thegraph’s iterationbound.

2 Background

In thissection,wewishto review previouslypresenteddefinitionsandresults.Wewill rely on thisbackground
material[1,13] heavily asweestablishournew results.

2.1 Unfolding and Unfolded Graphs

Recallthata data-flowgraph (DFG) is a finite, directed,weightedgraph
� ����� ��!"��#$��%�& where � is a setof

computationnodes,! is asetof edgesbetweennodes,#(')!+* N is a functionrepresentingthedelaycountof
eachedge,and %,'-�.* N representingthecomputationtimeof eachnode.

Now, let
�

beapositive integer. Wewishto alterourgraphsothat
�

consecutive iterations(i.e.,executions
of all of aDFG’s tasks)arevisiblesimultaneously. To do this,wecreate

�
copiesof eachnode,replacingnode/ in theoriginal graphby thenodes/ � through /10 in our new graph.This processis known asunfoldingthe

graph
�(�

timesandresultsin theunfoldedgraph
� 0 �2��� 0 ��! 0 ��# 0 ��% 0 & . Thevertex set � 0 is simplytheunion

of the
�

copiesof eachnodein � . Sincethey areall exactcopies,thecomputationtimesremainthesame,i.e.% 0 � /30 � �4%5� / � for everycopy /30 of /76 � . Eachedgeof
�

alsocorrespondsto
�

copiesin theunfoldedgraph.
However, the delaycountsof the copiesdo not matchthat of the original edge. In general,an edge � /98 ��:<; �
having # delaysin theunfoldedgraphrepresentsa precedencerelationbetweennode/ in the =�>@? iterationand
node: in iteration #�A �CBED in theoriginalgraph.

A classicresultfrom [8] characterizedtheupperboundof agraph’scycleperiodin termsof thecomputation
time of its longestzero-delaypath. The analogousresult for an unfoldedgraph,which we will needfor our
comingwork, is provenin [4].

Theorem 2.1 Let
�

bea DFG, � a potentialcycleperiodand
�

anunfoldingfactor.

1. ����� � 0 � �GF�HJI9K5LM�ON � 'PN 6 � is a pathwith QR�ON �TSU�WVYX
2. ����� � 0 �[Z � iff QR�ON �T\U�M]

pathsN 6 � with LM�ON �[^ � .
2.2 Extended Retiming

As in [10], we definean extended(or f-extended)retiming of a DFG
� � ��� ��!"��#$��%�& is a function _`'�a* Z b Q

0
where,for all : 6 � , _$�c: � �d= BfeCg�h>�iOjlk � gnm>�iojlk � XpXpX � grq>�iOjsklt for someintegers =���_ � ��_ � � XpXpX ��_ 0 whereu Z _wv S %5�c: � for xE��yz�{�|� XpXpX � � . We view the integerconstant= asthenumberof delaysthatarepushedto

eachoutgoingedgeof : , while the
�

-tuple lists the positionsof delayswithin the node : . Note that a value
of zerowithin the

�
-tuple is merelya placeholderusedto simplify our notation;we can’t have a delayat this
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position.Also for simplicity wewill expressthe
�

-tupleas �>�iOjlk ��_ � ��_ � � XpXpX ��_ 0 � or asasinglefraction
g{h>�iojlk when� ��y .

We canseefrom this definition that _$�c: � canbe viewed asconsistingof an integer part anda fractional
part. We will usethenotation } g �c: � to denotethevalueof this integerpart,while ~ g �c: � will bethenumberof
non-zerocoordinatesin the

�
-tuple.Wewill alsoassumethroughoutthispaperthattheelementsof an

�
-tuple

arelistedin increasingorder.

As with standardretiming,wewill denotetheDFGretimedby _ as
� g �+���)��!���# g ��%�& . Whenwedefinethe

delaycountof theedge�C��� / ��: � after retiming,we mustrememberto includedelayswithin eachend-node
aswell asdelaysalongtheedgeitself. Furthermore,wepreviouslydefinedapathN to beaconnectedsequence
of nodesandedges,with QR�ON � beingthepath’s total delaycount. If we now require Q��ON � to countthedelays
bothamongthenodesandalongtheedgesof N , wecaneasilyobtaintheseproperties:

Lemma 2.2 Let
�

bea DFG withoutsplit nodesand _ anextendedretiming. Thentheretimeddelaycounton:

1. edge ���2� / ��: � is # g � / *�: � ��#1��� �WB } g � / ��� } g �c: ��B ~ g � / � .
2. path N�' /�� : is Q g � /�� : � ��Q��ON ��B } g � / ��� } g �c: ��B ~ g � / � .
3. cycle � 6 � is Q g ��� � ��QR��� � .
Givenanedge���+� / ��: � , weuse# g � / *�: � to denotethetotalnumberof delaysalonganedge,including

delayscontainedwithin theendnodes/ and : . However, wewill referto thenumberof delayson theedgenot
includingdelayswithin endnodesas # g ��� � asin thetraditionalcase.As with traditionalretiming,anextended
retiming is legal if # g ��� ��\ u

for all edges� 6 ! andnormalizedif F��@� j } g �c: � � u
. Notethatany extended

retimingcanbenormalizedby subtractingF��@� j } g �c: � from all values} g �c: � .
2.3 Static Scheduling

GivenaDFGG, aclockperiod� andanunfoldingfactor
�

, weconstructtheschedulinggraph
�	� �+���)��!�������%�&

by reweightingeachedge�
��� / ��: � accordingto theformula ����� � ��#1��� �1� 0 � A�%�� / � . Wethenfurtheralter
� �

by addinga node :�� andzero-weightdirectededgesfrom :�� to every othernodein G. Figure3(b) shows the
schedulinggraphof theexamplein Figure3(a)when ����� and

� �`y . It canbeshown that,if

�0 is a feasible
iterationperiod,thentheschedulinggraphcontainsno negative-weightcycles.Define �J���c: � for every node :
to bethelengthof theshortestpathfrom : � to v in this modified

���
. For example,in thegraphof Figure3(b),

wenotethat �J����� � � u
and ���W��� � �G�J����
 � � � �� . It takes  ���¡¢�£¡p¡ !¤¡ � time to compute�J���c: � for every node: [3].

A B C

1                           3                              2

(a)

A B C-1/3 0

1/3

0V
00 0

(b)

A A A A

B B B B

C C C C

TIME:
0    1     2     3     4     5    6    7     8     9     0    1     2     3 

(c)

Figure3: (a)A DFG; (b) Theschedulinggraphwith ¥ ¦¨§ and ©�¦«ª ; (c) Theschedulewith cycleperiod3.

As we’ve stated,an iteration is simply anexecutionof all nodesof a DFG once.Theaveragecomputation
time of an iterationis calledthe iteration period of the DFG. If a DFG G containsa loop, thenthe iteration
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periodis boundedfrom below by the iteration bound[14] of G, which is denotedB(G) anddefinedto be the
maximumtime-to-delayratio of all cyclesin G. For example,thegraphin Figure3(a)containsonly oneloop,
which hastwo delaysanda total computationtime of 6; thus �£� ��� �2� for this graph.Theschedulefor this
graphdisplayedin Figure3(c)hasaniterationperiodof 3. In thissituation,whentheiterationperiodof astatic
scheduleequalsthe iterationboundof the DFG, we say that the scheduleis rate-optimal. The relationship
betweentheiterationboundof aDFGandtheDFG’sschedulinggraphis givenin Lemma3.1of [3]:

Lemma 2.3 Let
�

be a DFG, � a clock period and
�

an unfolding factor. ��� �	�EZ �0 if and only if the
schedulinggraph

� �
containsnocycleshavingnegativeweight.

We formally definean integral scheduleon a DFG
�

to bea function �"'1�¬b�­�*¯® wherethestarting
timeof node: in the =�°�± iteration( = \ 0) is givenby �|�c:²��= � . It is a legal scheduleif �|� / ��= �5B %�� / �[Z �|�c:²��= B #9��� ���
for all edges����� / ��: � anditerations= . For example,the legal integral scheduleof Figure3(c) is ³ � �c:9��= � ��´�c= � �J���c: ��� for all nodes: anditerations= , wherethevaluesfor �J���c: � arederived from thegraphof Figure
3(b).

A legal scheduleis a repeatingschedulefor cycleperiodc if �|�c:²��= B y � �+�|�c:²��= �WB � for all nodes: and
iterations= . It’s easyto seethat ³ � �c:9��= � is anexampleof a repeatingschedule.A repeatingschedulecanbe
representedby its first iteration,sincea new occurrenceof this partialschedulecanbestartedat thebeginning
of every interval of � clock ticks to form thecompletelegal schedule.If anoperationof thepartialscheduleis
assignedto thesameprocessorin eachoccurrenceof thepartialschedule,wesaythatourscheduleis static.

Sincethe iterationboundfor the graphof Figure3(a) is 3, andall nodesof this graphare3 or smaller,
Theorems2.3and3.5of [3] tell usthattheminimumachievablecycle periodfor this graphis 3. We canthen
producethestaticDFGschedulein Figure3(c)by constructingtheschedulinggraphandthencomputing�J���c: �
for eachof thenodes.We canthenusethis informationto createthescheduleof Figure3(c) by applyingthe
formulafrom theaboveproofto createtheschedule;for thisexample³ � ����� u � � u

and ³ � ���,� u � �µ³ � ��
�� u � ��
A �� ��y .
3 Finding an Extended Retiming from a Static Schedule

As we’vesaidthroughoutthispaper, wecurrentlyhaveonemethodfor findinganextendedretimingwhichcan
becombinedwith a non-trivial unfoldingfactorto achieve optimality. In this sectionwe will developanother,
moreefficient algorithm.We demonstrateour methodsusingthegraphin Figure1(a)with a clock periodof ¶
andunfoldingfactor � .

Our currentprocedurecalls for usto unfold thegraphtwice (asin Figure2(a))andthenscheduleit with a
clock periodof ¶ . We useDFG schedulingasdefinedin [3], startingwith theconstructionof thescheduling
graphin Figure4(a). We note from this graphthat �J����� u � �a�J������y � � u

, ���W��� u � �·�J�����£y � � � � ��and ���W��
 u � �¸�J����
�y � � � � �� . We next constructthe scheduleof Figure 4(b) accordingto the formula³ � �c:²��= � �G¶¹�c= � ���W�c: ��� . Sincethis is theschedulefor ourunfoldedgraphandwewill dono furtherunfolding,
wecanapplytheresultfrom [12], cuttingthegraphimmediatelybeforethelastnodesto entertheschedule(i.e.,
thetwo copiesof 
 ) andinstantlyreadinga legal retimingwith _´��� u � �º_$����y � �¬y�»� � , _$��� u � �º_$���£y � �¬y
and _´��
 u � �4_$��
Cy � � u

. It is this functionwhich yieldsthegraphin Figure2(b) whenappliedto thegraphin
Figure2(a).

This function is now usedto constructa legal retiming on the original graph. We addthe retimingsfor
all copiesof a particularnodetogetherusinga specialadditionoperator¼ which addsthe integerpartswhile
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Figure4: (a)Schedulinggraphfor Figure2(a);(b) Cutschedulefor thisDFG; (c) TheretimedDFG.
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Figure5: (a)Schedulinggraphfor Figure1(a);(b) Cutschedulefor thisDFG; (c) TheretimedDFG.

concatenatingthefractionalparts.Formally, for eachnode/ andpositive integers= and
D
,_$� /98 � ¼½_´� / ; � � ¾$} g � /98 ��B y%�� / � ��¿ � ��¿ � � XpXpX ��¿WÀ �rÁ ¼Â¾´} g � / ; ��B y%5� / � �cÃ � ��Ã � � XpXpX ��Ã$Ä �rÁ� �c} g � /²8 ��B } g � / ; ����B y%5� / � ��¿ � ��¿ � � XpXpX ��¿WÀ1��Ã � ��Ã � � XpXpX ��Ã$Ä �1X

Thus,for ourexample,_$��� � �+yÅ»� � ¼ÆyÅ»� � �G� B �� � ��Ç|�{Ç � , _$��� � ��y�¼ÆyÅ�G� and _$��
 � � u ¼ u � u
. Applying

this to our original graphin Figure1(a) resultsin thegraphin Figure4(c), with two delaysinsideof node �
next to eachother. The result is an optimizedgraph,but the processrequiresa greatdealof time andspace
becauseweareworkingwith themuchlargerunfoldedgraph.

In [10], wedemonstratedthattheorderof applicationdidn’t matter;wecouldderiveanoptimalresulteither
by unfoldingthenretimingor by applyingretimingfirst. Therefore,it makessensethatwe shouldbeableto
constructa methodsimilar to theabove one,but which is appliedto theoriginal graph. Let usattemptto do
whatwedid abovewithout theunfolding.In otherwords,weproposeto constructourstaticscheduleasbefore,
basedon theoriginalgraphthis time. Wewill cut this resultingscheduleandreadour retimingasbefore.

We begin by applying this proposedalgorithmto the graphin Figure1(a). The schedulinggraphwith
clock period ¶ andunfolding factor � is displayedasFigure5(a); notethat �J����� � � u

, ���W��� � � � � �� and���W��
 � � � � �� in thiscase.Thisgraphis now scheduledaccordingto theformula ³ ��È � �c:²��= � �ÊÉ �� �c= � �J���c: ���ÌË
andcutbefore
 ’s initial entrance,asin Figure5(b). Thefunctionthatwenow readhas_$��� � ��y B �� � �nyz�{Ç|�{Í � ,_´��� � �¬y and _´��
 � � u

. Whenappliedto theoriginal graph(asin Figure5(c)), this functionappearsto bea
legal retimingwhichdoesoptimizethegraph.

Having establishedwhat we want to do, we must formalize this methodand prove its result is a legal

retimingwhich optimizesa DFG. Let ³Î�c:9��= � �ÐÏ �0 �c= � �J���c: ���ÒÑ be the integral schedulewith clock period �
andunfoldingfactor

�
. ³Î�c:9��= � givesthestartingtimeof node: in the =�>@? iteration.Thusthetimeat which the

prologueends,which we will denoteas Ó andis wherewe want to make our cut, equalsthestartingtime of
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the lastnodeto enterthestaticschedule.In otherwords, Ó �`F�HJI j ³Î�c:²� u � . (Seethat Ó �Ô³Î��

� u � ��y<�
above.) We now wish to countthe numberof eitherwholeor partial occurrencesof eachnodeto the left of
this cut. The =�>@? copy of node : begins to the left of the cut if ³Î�c:9��= �CS Ó . A copy of a nodeis complete
if Ó � ³Õ�c:²��= �"\ %��c: � ; otherwiseit is partial. Clearly eachcompletecopy of a nodeadds1 to the eventual
retimingfunction.Ontheotherhand,if acopy is cut,weonly wantto addthefractionof thenodeto theleft of
thecut,whichis foundby dividing thepiece’scomputationtimeby thecomputationtimeof thewholenode.At
theend,we combinethecontributionsfrom a node’s copiesvia our ¼ operator, finally arriving at theretiming
formula _$�c: � � Ö8c× Ø ioj5Ù 8 k�Ú9Û F��@��ÜÎyz� Ó

� ³Î�c:9��= �%5�c: � Ý X (1)

Let usconsiderthis formulawhenappliedto node� of Figure1(a).As wecanseefrom ourschedulein Figure
5(b), thefirst four iterationsof � areto beconsideredwhenconstructingthenode’s retiming:

1. ³Î����� u � � u
and F��@��Þ²yz�´� �� �9ß ��y .

2. ³Î�����<y � � É �� AYy Ë �4à and F��@�	Þ²yz� � �sá �� �ºß �ãâ� � .
3. ³Î�����{� � � É ���Aw� Ë �µ¶ and F��@� Þ yz� � �sá �� �ºß �ã»� � .
4. ³Î�����{� � � É �� Aw� Ë ��y�y and F��@��Þ²yz� � �sá ���� �·ß � �� � .

Combiningthesefiguresgivesus _$��� � �Êyä¼ â� � ¼ »� � ¼å�� � �Êy B �� � �nyz�{Ç|�{Í � , exactly thesameanswerwe
foundby simplyexaminingthescheduletable.Our formulaappearsto accuratelydescribethissituation.

To further our confidencein this proposition,we can alsocheckthat (1) matchesour previous formula
from [11,12],a legal retimingin thecasewherewe have no unfolding. In this case,a simpleclosedform can
bederived.

Lemma 3.1 Let
�

bea DFG and � a positiveinteger with %5�c: �
Z � for all nodes: . In thecasewhen
� �Âyz�

Equation(1) is equivalentto theformula _zæ��c: � �èç��J���c: ���êé�ëìB F"�@��í�yz� �>�iOjlk �����J���c: ���êéE��� ç��J���c: � �Eé�ëJ�wî
where

é ��F��@� j �J���c: � .
Proof: First notethat Ó � � ��A é and ³Î�c:9��= � �����c= � �J���c: ��� by definition when

� �ïy . Now, suppose
that node : is split in both iterations = and = B x for someinteger x ^ u

. Sincethe =�>@? iteration is split,u S Ó � ³Õ�c:²��= �ÎS %��c: � , implying that
u S ���W�c: �w� = ��é�S >�iOjlk� Z y Z x . Thus

� x S �J���c: �<� �c= B x �w��é�S u
,

andso Ó � ³Î�c:²��= B x ��S u
. This placesthe �c= B x � >@? copy of : asstartingafter time Ó , contradictingour

assertionthat it wasalsoto be split in our schedule,andwe concludethat any nodeis split in at mostone
iterationin thecasewhere

� ��y and %��c: �[Z � for all nodes: .
Givena node: , theonly waya copy of : doesnotappearin theprologueis if Óð��³Î�c:9� u � and _$�c: � � u X

In this case���W�c: � � é
and _zæ��c: � � u

aswell. This leavesus thecasewherea copy of : doesappearin the
prologue,whichsplitsinto two subcases:

1. If no copy of : is split, then thereexists an integer = ^ u
suchthat Ó � ³Õ�c:²��= � y ��\ %��c: � while³Î�c:9��= �ñ� Ó \ %5�c: � . In this case_$�c: � ��= . Seethat Ó � ³Î�c:²�{x � ���������W�c: �ñ� x �ÆéR� for any x , and

so Ó � ³Î�c:9��= � y ��\ %��c: � impliesthat �J���c: �)�Æéò\ �c= � y �óB >�iojlk� . Similarly Ó � ³Î�c:²��= ��Z2� %��c: �
impliesthat ���W�c: �W�Eé�Z = � >�iOjlk� . Since >�iojlk� 6 � u �<ysô , we thusconcludethat ç����W�c: ���¨é�ë �4= � y , and

so ���W�c: ���7éÂ� ç����W�c: ���¨é�ë �G�J���c: ����éÂ� �c= � y �-\ >�iojlk� , or

�>�iojlk �����W�c: �ó�¨é�� ç��J���c: ���êé7ëJ�T\ y .
Therefore_zæ��c: � �2�c= � y ��B y��4=ó�4_$�c: � .

2. On the otherhandassumethat the = >@? copy of : is split. ThereforeÓ � ³Õ�c:²��= � y ��\ %5�c: � whileu S Ó � ³Î�c:²��= ��S %5�c: � . Seethat _$�c: � �Ô= B Û á Ø iOj<Ù 8 k>�iOjsk in this case.Now, Ó � ³Î�c:²��= � lying in the
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interval � u ��%��c: ��� implies that = S �J���c: �)�«éõS = B >�iojlk� Z = B y , so ç��J���c: � �êé�ë �ö= . Furthermore,Ó � ³Î�c:9��= � �2�������W�c: �T� = �½éE� �+� �����J���c: �ó�êéE��� ç��J���c: ���êé�ëz� , andso _$�c: � ��ç����W�c: ���êé7ëäB�>�iojlk �������W�c: �ó�¨éR��� ç��J���c: ���êé7ëJ� �U_ æ �c: � .
Thus,for all nodes: , _$�c: � ��_Jæ��c: � when

� ��y and %��c: �[Z � for all : . ÷
Wenow areveryconfidentof ourassertion,but muststill show that(1) is, in fact,a legalextendedretiming

which minimizestheiterationperiodof a data-flow graph.Recallthatthesedefinitionsarebasedon the } g and~ g functionsfor theretiming _ in question.Therefore,beforeproceedingto our primaryresult,we mustfind
theclosedformsof thesefunctionsfor ourproposedformula.

Lemma 3.2 Let _ betheextendedretiminggivenbyEquation(1)above. Then} g �c: � �dø 0 � ��Ó � %��c: ����B �J���c: �Òù²By and ~ g �c: � � ø 0 � ��Ó � y ��B ���W�c: � ù B y � } g �c: � .
Proof:

1. To find the numberof completecopiesof : in the prologue,we want to find the largest = suchthatÓ � ³Î�c:²��= ��\ %��c: � . This will give ustheactualiterationnumberof thelastcopy of : in theprologue;

for thecountwe mustthenadd1. Now, since ³Î�c:²��= � �úÏ �0 �c= � �J���c: ���ÒÑ by definition,we seethat this

quantityundertheceiling functionis boundedabove by Ó � %��c: � , or = Z 0 � ��Ó � %5�c: ���WB �J���c: � . Since= mustbean integer, we now take thefloor functionof theright-handsideof this inequalityto find the
largestpossiblevaluefor = .

2. Similarly, wemustknow theiterationnumberof thefirst copy of : which doesnot startin theprologue,
i.e. thesmallest= suchthat ³Î�c:²��= �-\ Ó . To find thenumberof copiesof : thataresplit in ourschedule,
wethenneedonly subtract} g �c: � , thenumberof completecopiesof : in ourprologue,from = . Now, again
by definitionof ³Î�c:9��= � , ³Õ�c:²��= �Õ\ Ó impliesthat

�0 �c= � �J���c: ���Î^ Ó � y or = ^ 0 � ��Ó � y ��B ���W�c: � . If
thequantityon theright-handsideof this inequalityis notaninteger, thenwewant = equalto theceiling
of this quantity, which is thesameasthefloor of this quantityplus1. On theotherhand,if this quantity
is aninteger, we musthave = equalto 1 plustheright-handside,which is thesameas1 plusthefloor of

theright-handside.In any case=ó� ø 0 � ��Ó � y ��B �J���c: � ù B y andour resultis shown. ÷
With this resultwecannow show:

Theorem 3.3 Let
� �+��� ��!"��#$��%�& beaDFGwith iterationperiod

�0 \ y , i.e. with clock period � andunfolding
factor

�
. Thentheretiming_ describedbyEquation(1) is a legal extendedretimingon

�
such that ����� � g Ù 0 �-Z �

if andonly if theschedulinggraph
�	�

containsnonegative-weightcycle.

Proof:û
Assumethat ����� � g Ù 0 �[Z � . By theknown propertiesof theiterationboundfrom [13], wehave

��� �	� � ��� � g Ù 0 �� Z �s��� � g Ù 0 �� Z �� �
andso ü iþýÒkÿ iþýÒk Z �0 for all cycles � in

�
. Thus �¬��� � �µQR��� �ó� 0 � A5L���� �Î\ u

for all cycles � in
�	�

, andso
theschedulinggraphcontainsnonegative-weightcycle.

û
Ontheotherhandassumethat

� �
containsnonegative-weightcycle.
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1. To prove the legality of _ , we mustshow that # g ��� � ��# g � / * : �[� ~ g � / �[� ~ g �c: � ��#1��� �TB} g � / ��� } g �c: ��� ~ g �c: �-\ u
for any edge�Å�2� / ��: � of

�
. By thedefinitionof theschedulinggraph,�J���c: �ÕZ �J��� / ��B #9��� � � 0 � A�%�� / � , andso #9��� ��B �J��� / �ó� ���W�c: �Å\ 0 � Aw%5� / � . Thus,by Lemma3.2

above, # g ��� � � #9��� ��B } g � / ��� } g �c: � ��� � � ��Ó � y ��B �J���c: ����� y B } g �c: �� #9��� ��B � � � ��Ó � %�� / ����B �J��� / � � B y � � � � ��Ó � y ��B �J���c: � � � y\ � � � �ny � %�� / ����B ��#1��� ��B �J��� / ��� �J���c: �����ê\�� � � �R\ u X
2. Let N�' /(� : be a pathin

�
with L��ON �C^ � . We wish to show that Q g �ON � ��Q��ON � B } g � / �-�} g �c: �ñB ~ g � / �£\ y . Again, dueto the constructionof the schedulinggraph, ���W�c: �£Z ���W� / �[BQR�ON ��� 0 � ��L��ON �ó� %��c: ��� , andso QR�ON ��B �J��� / �ó� �J���c: �Î\ 0 � ��L��ON �ó� %5�c: ��� . Therefore,by Lemma

3.2again,Q g �ON � � QR�ON �PB } g � / ��� } g �c: ��B � � � ��Ó � y ��B �J��� / � � B y � } g � / �� QR�ON �PB � � � ��Ó � y ��B �J��� / � � B y � � � � ��Ó � %5�c: ����B �J���c: � � � y\ � � � �c%��c: ��� y ��B ��QR�ON ��B ���W� / ��� �J���c: ��� �\ � � � �c%��c: ��� y ��B � � ��L��ON ��� %5�c: ����� � � � � ��L��ON �W� y ���^ � � � ��� � y � � � � �,� � � � � �,� y
since

�7Z � by assumption.Thus Q g �ON �[\U�
whenever L��ON �[^ � , andby Theorem2.1, ����� � g Ù 0 �-Z� . ÷

As afinal aside,weabove raisedthequestionof exactlyhow many delaysmaybeplacedinsideanode.We
cannow derive ouranswerin thegeneralcase:

Lemma 3.4 Let
�

be a DFG, with ��� �	� � �0 the iteration boundin lowestterms. Let x be the smallest
positiveinteger such that %��c: �äZ x¹� for all nodes: of

�
. Thenat most x � delaysmaybeplacedinsideof any

nodeasa resultof extendedretiming.

Proof: Assumeby way of contradictionthat x �£B y or moredelaysareto beplacedinsideof node : . This
impliesthatthismany copiesof : arecut in thescheduletable.Let = bethesmallestiterationnumberof oneof
thesecopies,sothat

u S Ó � ³Î�c:²��= �-S %5�c: � . By ourassumption,the �c= B x ��� >@? copy of : is alsosplit, implying

that
u S Ó � ³Î�c:²��= B x ���TS %5�c: � . However, ³Î�c:²��= B x ��� � Ï �0 �c= � �J���c: �WB x ��� Ñ � Ï �0 �c= � �J���c: ���WB x¹� Ñ �³Î�c:²��= �WB x¹� by definition,andso %��c: �[Z x¹� S Ó � ³Î�c:9��= � , contradictingourchoiceof = . Thuswemayplace

at most x � delayswithin any node: . ÷
Returningto ourexamplein Figure1(a),theiterationboundof thegraphis �� but thesizeof node� dictates

that x"��� . By this lemma,weknow thatatmost à delaysareplacedinsideany of thethreenodes,andthatany
nodeis dividedinto at most Ç piecesby extendedretiming.
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4 Minimum Rate-Optimal Unfolding Factors

As we’ve said,an iteration of a data-flow graphis simplyanexecutionof all nodesonce.Theaveragecompu-
tationtimeof aniterationis calledthe iteration periodof theDFG.If theDFG

�
containsa cycle, theaverage

computationtime of the cycle is the total computationtime of the nodesdivided by the numberof delaysin
thecycle. This ratio mustbesmallerthanthe iterationperiodof thewholegraphsincethecycle constitutesa
subgraphof

�
. If we computethemaximumtime-to-delayratio over all cyclesof

�
we derive a lower bound

on theiterationperiodof
�

. This maximumtime-to-delayratio is calledthe iteration bound[14] of
�

andis
denoted��� �	� .

If theiterationperiodof agraph’sscheduleequalsthegraph’s iterationbound,thescheduleis saidtoberate-
optimal. As we’vesaidthroughoutthispaper, ourgoalis to achieve rate-optimalityvia retimingandunfolding.
If adata-flow graphcanbeunfolded

�
timesandachieve rate-optimality(i.e. aclockperiodequalto

� A���� �	� ),
we saythat

�
is the rate-optimalunfoldingfactor for

�
. Obviously we wish to achieve rate-optimalitywhile

unfoldingaslittle aspossible.To this endwe needto computetheminimumrate-optimalunfoldingfactorfor
any graph.Webegin by showing this link betweenagraph’s clockperiodanditerationbound:

Lemma 4.1 Let
�

bea data-flowgraphwithoutsplit nodes,� a cycleperiodand
�

an unfoldingfactor with��Z � . Thenthere existsa legal extendedretiming _ on
�

such that ����� � g Ù 0 �[Z � if andonly if �£� ���TZ �0 .

Proof: Follows from Lemma2.3andTheorem3.3. ÷
With this in handwecanshow:

Theorem 4.2 Let
�

be a data-flowgraph without split nodeswhoseiteration boundexceeds1. Let � be a
critical cycleof

�
, i.e. �£� ��� ��ü i ýÌkÿ i ýÌk . Let � bethegreatestcommondivisorof L���� � and Q���� � . Then

ÿ i ýÌk� is the
minimumrate-optimalunfoldingfactor for

�
.

Proof: Let �(�ïü i ýÌk� and 	E� ÿ i ýÌk� . We needto show that 	 is a rate-optimalunfolding factorandthat it is
minimal.

1. By definition ��� � g Ù 
 �ÅZ ����� � g Ù 
 � for any retiming _ . On theotherhand,since �£� � g � ����� ��� for any
retiming _ of

�
, ��� � g Ù 
 � ��	�Aw��� � g � ��		A<��� ��� � Q���� �� A LM��� �QR��� � � L���� �� �

which is integral andis thusa legitimatechoiceof clock periodfor
�

. Since � i�
���� �lk
 �¬��� ��� for any
retiming _ of

�
, by Lemma4.1thereexistsa legalextendedretiming _ � suchthat ����� � g�� Ù 
 �-Z ��� � g�� Ù 
 � .

Thus ����� � g�� Ù 
 � �G�£� � g�� Ù 
 � and 	 is a rate-optimalunfoldingfactorby definition.

2. Assume
�

is any otherrate-optimalunfoldingfactor. Thusthereexistsaninteger � suchthat ��� ��� � �0 .
Therefore �� � � 	 � L���� �QR��� � �
andso both fractionsarereducedforms for ��� �	� . However, by definition of � , � 
 mustbe the most
reducedform, andso 	 ZU�

for any otherrate-optimalunfoldingfactor
�

. ÷
In short,to find therate-optimalunfoldingfactorof adata-flow graph

�
, wecompute��� �	� (apolynomial-

time operation[6]) andreducethe resultingfraction to lowestterms. The denominatorof this fraction is our
desiredunfoldingfactor.
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5 Experimental Results

Let’s considerthedata-flow graphrepresentationof a IIR filter. Assumethat a multiplier (shown below asa
circle)requirefour unitsof computationtime,asopposedto onefor anadder(shown asasquare).Furthermore,
to complicateour example,multiply the register count of eachedgeby 2, referredto in [8] as applying a
slowdownof 2 to ouroriginalcircuit. Theresultis picturedin Figure6(a).
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Figure6: (a) A 2-slow secondorderIIR filter; (b) This graphoptimizedby extendedretiming; (c) This graphoptimized
by traditionalretiming

Theresultingcircuit hasan iterationboundof 3, andcanberetimedvia extendedretimingto achieve this
clock periodasin Figure6(b) without unfolding. However, if we restrictourselvesto traditionalretiming,the
bestclockperiodwecangetis 4. Theonly way to obtainanoptimalresultis to unfold thegraphby a factorof
2 andretimefor aclockperiodof 6, asshown in Figure6(c).

Repeatingthis exercisewith othercommonfilters yieldsTable1. In all cases,we achieve betterresultsby
usingextendedretiming,gettinganoptimalclock periodwhile requiringlessunfolding. This improvementis
illustratedby the last four columnsof our table. Limiting ourselvesto traditionalretimingforcesusto decide
betweentwo pooroptions:If wewantanoptimalclockperiodwemustunfoldby alargerfactor, whichis listed
for eachexamplein thesecond-to-lastcolumnof Table1. This dramaticallyincreasesthesizeof our circuit,
andthusthenumberof functionalunitswe requireandtheproductioncosts.On theotherhand,if we wantto
unfold by our extendedunfoldingfactor(shown in boldfacein thetable),we will be forcedto accepta larger
iterationperiod(listedin thelastcolumnof thesametable).Theresultis a smallercircuit runningat lessthan
optimalspeed.

Comp. Min. Optimal Iter. Pd.w/
Benchmark Time Slow- Iter. Unf. Factor Bold U. F.B b down Bound Ext. Trad. Ext. Trad.

SecondOrderIIR Filter 1 4 2 3 1 2 3 4
SecondOrderIIR Filter 1 10 6 2 1 6 2 10
2-CascadedBiquadFilter 4 25 6 ���� 2 6 5.5 12.5
All-Pole LatticeFilter 2 5 12

�� 2 6 1.5 2.5
All-Pole LatticeFilter 1 12 7 4 1 7 4 12
Fifth OrderElliptic Filter 2 12 16 �� 2 8 3.5 6
Fifth OrderElliptic Filter 2 30 20 ���� 2 20 5.5 15

Table1: Experimentalresultsfor commoncircuits

12



6 Conclusion

Our original work on this topic [11,12] yielded an extendedretiming methodthat allowed us to transform
any data-flow graphto onewhoseclock periodmatchedthe cycle periodof any of its legal schedules.We
alsodemonstrateda simplemethodfor finding an extendedretiming which yieldeda desiredclock period;
namely, cut thestaticscheduleat thepointwherethelastnodeto bescheduledentersandcountthenumberof
occurrencesof eachnodeto therightof thecut. However, becausewehaddonethesethingswithoutconsidering
theeffectof unfolding,theseresultswereof limited use.

Therefore,in our next paper[10], we improved this resultby combiningour methodwith unfolding, re-
sulting in a moregeneralform of extendedretiming. We alsodevelopeda methodfor calculatingtheoptimal
unfoldingfactorfor extendedretiming:computetheiterationbound,reduceit to lowestterms,thenusethede-
nominatorof theresultingfraction.However, our resultin [10], showing thattheorderin whichweretimeand
unfold is immaterial,indicatedto usthatwe shouldbeableto find a retimingimmediatelywithout unfolding
first. In thispaper, wehaveconstructedamethodto do this,basedonourearliersimplifiedalgorithm.Wehave
alsodemonstratedthatour work hereandin [10] is indeeda generalizationof our earlierwork andprovenan
upperboundon thenumberof delayswhichmaybeembeddedwithin anodeasa resultof extendedretiming.

Wehavedevelopedtheseresultswhile assumingtheuseof integralschedules.Wealsohavethepossibilities
of fractionalschedules,whereoperationsmaybescheduledat any time (not necessarilyat integral points)[3].
We thushave anadditionalmodelsto exploreaswediscussextendedretiming.

Finally, ParhiandMesserschmitt[13] havedefinedaDFGwith only oneregisterin eachloopto beperfect-
rate. It is our conjecturethat perfect-rategraphsmay be retimedto be rate-optimalusing only traditional
retiming,but arestill in searchof a rigorousproof.
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