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Abstract

Many computation-intense iterative or recursve applicationscommonlyfound in digital signal pro-
cessingandimageprocessingpplicationscanbe representetdy data-flowgraphs(DFGs). The execution
of all tasksof a DFG is calledaniteration, with the averagecomputatiortime of aniterationthe iteration
period A greatdealof researcthasbeendoneattemptingo optimizesuchapplicationgy applyingvarious
graphtransformatiortechniquedo the DFG in orderto minimize this iteration period. Two of the most
popularareretimingandunfolding which canbe performedin tandemto achieve an optimaliterationpe-
riod. However, theresultis atransformedyraphwhichis muchlargerthantheoriginal DFG. In our previous
work, we proposeda new technique extendedretiming which canbe combinedwith minimal unfolding
to transforma DFG into onewhoseiterationperiodmatcheghatof the optimal schedulaundera pipelined
design. In this paper we augmentour previous work by designingan efficient retiming algorithmwhich
maybeapplieddirectly to a DFG insteadof thelargerunfoldedgraph.

Index terms:. Task Scheduling,Data-flav graphs,Retiming, Unfolding, Graph Transformation,Timing
Optimization

1 Introduction

Becauseahe mosttime-critical partsof real-timeor computation-intenge applicationsare loops, we must
explore the parallelismembeddedn the repetitive patternof a loop. A loop canbe modeledas a data-flow
graph(DFG) [4]. Thenodesof a DFG representaskswhile edgedetweemodesepresentiatadependencies
amongtasks.Eachedgemaycontainanumberof delays(i.e. loop-carrieddependencies)hismodelis widely
usedin mary fields,includingcircuitry [8] , digital signalprocessing7] andprogramdescriptiong2]

In our previous work [10-12], we proposedan efficient algorithm, extendedretiming which transforms
a DFG into an equivalent graphwith maximum parallelization. However, there remainedapplicationsfor
which our original framewvork will not deliver the bestpossibleresult. We have correctecdhis exclusionand
demonstratedhat extendedretiming is a techniquewhich, whencombinedwith unfolding by the minimum
rate-optimalunfolding factor transformsa graphinto one whoseiteration period matchesthat of the rate-
optimal scheduleundera pipelineddesign. To the bestof our knowledge,this is the first methodthat cando
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this. However, we have not yet developedan efficient methodfor finding an extendedretiming underthese
revisedrules.We will accomplishthistaskin this paper

The executionof all tasksof a DFG is calledaniteration. A very popularstratgy for maximizingparal-
lelism is to transformthe original graphby schedulingmultiple iterationssimultaneouslya techniqueknowvn
asunfolding[13]. While the graphbecomesnuchlarger, the averagecomputationtime of an iteration (the
iteration period canbereduced.In our previous work, we demonstratethat extendedretiming allows usto
achiare anoptimaliterationperiodwhentheiterationperiodis aninteger We laterrefinedour originalscheme
sothat extendedretiming may be combinedwith unfolding. We thenshaved thatthis combinationachiezes
optimality in all cases.In fact, we have shawn that this combinationattainsan optimal resultwhile doing a
minimal amountof unfolding. We find thatthe combinatiorof traditionalretimingandunfoldingdoesnot cor
rectly characterizehe implementatiorusinga pipelineddesignand, therefore tendsto give a large unfolding
factor Thuswe not only maximizeparallelismby usingextendedretiming, but we alsominimize the size of
thenecessaryransformedyraph.

In additionto unfolding, one of the more effective graphtransformationtechniqueds retiming where
delaysareredistriuntedamongthe edgessothatthefunctionof the DFG G remainghe same put the lengthof
thelongestzero-delaypath(theclod periodof G, denoted:l(G)) is decreasedrhis techniquevasintroduced
in [8] to optimizethe throughputof synchronousircuits,andhassincebeenusedextensvely in suchdiverse
areasassoftware pipelining[15] andhardware-softvare codesign5]. We have shavn previously thatneither
unfolding[9] nor this traditionalform of retiming[11] canproduceoptimalresultswhenappliedindividually,
but the combinationwill achiere optimality [4].

To illustrate theseideas,considerthe example of Figure 1(a). The numbersinside the nodesrepresent
computationtimes. The shortbarlines cutting the edgefrom nodeC' to node B (hereaftereferredto by the
orderedpair (C, B)) represeninteriterationdependenciesetweerthesenodes.In otherwords,the two lines
cutting (C, B) tell usthattaskB is of our currentiterationdepend®n dataproducedoy task B two iterations
ago. Thisrepresentatioof sucha dependencis calleda delayon theedgeof the DFG.
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Figurel: (a) A data-flav graph;(b) The scheduldor the DAG partof Figurel(a).

It is clearthatthe clock periodof this graphis 14, obtainedfrom the pathfrom A to C. Sinceaniteration
of the DFG may be scheduledvithin 14 time unitsasin Figure1(b), the iterationperiodof this graphis also
14. However, if we wereto remove adelayfrom (C, A) andplaceit on (A, B), theiterationperiod(i.e. clock
period)would bereducedo 10 while not affectingthefunctionof thegraph.The exampleshavs how retiming
may be usedto adjusttheiterationperiodof aDFG.

How smallcanwe make our iterationperiod?Sinceretiming preseresthe numberof delaysin acycle, the
ratio of a cycle’s total computatiortime to its delaycountremaindfixedregardlesf retiming. The maximum
of all suchratios,calledtheiteration bound actsasalower boundontheiterationperiod.In the caseof Figure
1(a),thereareonly two cycles,the smallonebetweemodesB andC' with time—to—delayratio% = 2, andthe
large oneinvolving all nodeswith ratio %. Thustheiterationboundfor thegraphis %

Sincethecomputatiortimesof all nodesareintegral, it seemsmpossibleio getafractionaliterationperiod.
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However, recallthatthe iterationperiodis the average time to completeaniteration. If we cancompletetwo
iterationsof our graphin 7 time units, the averagewill equalour lower bound,and our graphwill be rate-
optimal. To gettheseiterationstogetherin our graph,we mustunfold the graph. If we canunfold our graph
f timesto achieve this lower bound,our schedulds saidto be rate-optimal and f is calleda rate-optimal
unfoldingfactor. This papershavs thatthe minimumrate-optimaunfoldingfactorfor a data-flav graphis the
denominatoof theirreducibleform of thegraphsiterationbound.
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Figure2: (a) The DFG of Figure 1(a) unfoldedby a factorof 2; (b) Figure 2(a) retimedby extendedretiming to be
rate-optimalyc) Theoptimalscheduldor theretimedgraph.

As anexample,let’s unfold the graphof Figure1(a) by its minimal rate-optimalfactorof 2, asshavn in
Figure2(a). We canschedulaniterationof this new graph—whichis equivalentto schedulingwo iterationsof
our original graph—inthe samel4 time units. We have doubledthe sizeof our graph but we have alsoreduced
ouriterationperiodto 7. We cannow retimethis unfoldedgraphaswe did above to reduceour clock periodto
10, which furtherreducegheiterationperiodto 5. Unfortunatelythis is the bestwe cando by unfoldingtwice
andusingtraditionalretiming.

If wewerepermittedto move adelayinsideof A, asshavn in Figure2(b), our clock periodwould become
7, theiterationperiodwould become% andwe would have optimizedour graph,aswe canseeby theschedule
in Figure2(c). This is the adwantageof extendedretiming over traditionalretiming: we areallowedto move
delaysnotonly from edgeto edge but from edgeto vertex. We seefrom thisthatthecombinatiorof traditional
retiming andunfolding doesnot completelygive the correctrepresentationf the graphs schedulegspecially
whenwe assuma pipelinedimplementation.

An unfoldingof 2 combinedvith extendedetimingoptimizeshegraphof Figurel(a). If welimit oursehes
to traditionalretiming, we mustunfold the original DFG four times. After we retimein additionto unfolding,
we cannow schedulet iterationsof the original graphin 14 time stepsreducingour iterationperiodwithout
retimingto % We seethattraditionalretimingtendsto overestimateherate-optimalinfoldingfactor resulting
in agraphthatrequiresmoreresource$or execution.

Notethatthe graphoptimizedby extendedretimingandunfoldingis half the sizeof thatoptimizedby tra-
ditionalretimingandunfolding. Thereis avery clearadvantagen usingextendedetiming,but therehave been
two drawbacksto this method. First, asoriginally proposedgextendedretiming only permittedthe placement
of asingledelayinsideary node.Thiswastoo se/erealimitation for whatwe wantedto do, andwe wereable
to generalizeour methodanddealwith this problemin [10]. However, the only methodfor applyingextended
retiming and unfolding is the onewe've outlined: unfold the graphandthenretime. Sinceretimingis much
moreexpensve thanunfoldingin termsof computatiortime, it is preferableto first apply extendedretiming
to the smalleroriginal graph,thenunfolding. We know from our resultsin [10] thatthe two operationcanbe
appliedin ary order soit malkessensehatwe shouldbeableto develop suchanalgorithm.

In this paperwe will review our new form of retiming,extendedetiming which achievesanoptimalresult



while requiringthe useof a smallerunfoldedgraph,andthusfewer resourceslt is definedin sucha manner
asto allow usto combineextendedretiming with unfolding. Whenwe wish to apply unfolding andextended
retiming to a graph,we have two options: first retime the graphthenunfold it, or unfold it thenretimethe
unfoldedgraph.We have shavn thatthesetwo methodsareequivalentin [10]. Becausef this equivalencewe
arenow ableto designan efficient extendedretiming algorithmwhich canbe applieddirectly to the original
graph. We shaw this for graphswhoseiterationboundsare oneor larger, which encompasseall non-trivial
examples.Thisresultimprovesour previouswork, the applicationof which could producea retimingfunction
only for thelargerunfoldedgraph.Finally, wewill demonstratéhattheminimumrate-optimalunfoldingfactor
for adata-flav graphis thedenominatoof theirreducibleform of thegraphs iterationbound.

2 Background

In this sectionwe wishto review previously presentediefinitionsandresults.We will rely onthis background
material[1,13] heavily aswe establistour new results.

2.1 Unfolding and Unfolded Graphs

Recallthata data-flowgraph (DFG) is afinite, directed weightedgraphG = (V, E, d, t) whereV is a setof
computatiomodes F is asetof edgeshetweemodesd : E —N is afunctionrepresentinghedelaycountof
eachedgeandt : V —N representinghe computatiortime of eachnode.

Now, let f beapositive integer We wishto alterour graphsothat f consecutie iterations(i.e., executions
of all of aDFG'stasks)arevisible simultaneouslyTo dothis,we createf copiesof eachnode,replacingnode
u in theoriginal graphby the nodesu; throughu in our new graph. This processs known asunfoldingthe
graphG f timesandresultsin theunfoldedgraphG y = (Vy, Ef,dys, t5). Thevertex setVy is simply theunion
of the f copiesof eachnodein V. Sincethey areall exactcopiesthecomputatiortimesremainthesamej.e.
tr(uy) = t(u) for everycopy uy of u € V. Eachedgeof G alsocorrespond#o f copiesin theunfoldedgraph.
However, the delay countsof the copiesdo not matchthat of the original edge. In general,an edge(u;, v;)
having d delaysin the unfoldedgraphrepresents precedenceelationbetweemodeu in thei'? iterationand
nodev in iterationd - f + j in theoriginalgraph.

A classiaesultfrom [8] characterizetheupperboundof agraphs cycle periodin termsof thecomputation
time of its longestzero-delaypath. The analogougesultfor an unfoldedgraph,which we will needfor our
comingwork, is provenin [4].

Theorem 2.1 LetG bea DFG, ¢ a potentialcycleperiodand f an unfoldingfactor

1. c(Gy) = max{T'(p) : p € G isapathwith D(p) < f}.
2. cl(Gy) < ciff D(p) > f V pathsp € G withT'(p) > c.

2.2 Extended Retiming

As in [10], we definean extended(or f-extended)retiming of a DFG G = (V, E.d,t) is a functionr :

V —ZxQf where,forallv € V, r(v) = i + (&"—;),4—3),,%) for someintegersi, i, o, ...,ry Where
0 <rp <t(w)fork =1,2,..., f. Weview theinteger constant asthe numberof delaysthatare pushedo
eachoutgoingedgeof v, while the f-tuple lists the positionsof delayswithin the nodev. Notethata value

of zerowithin the f-tupleis merelya placeholdeusedto simplify our notation;we cant have a delayat this



position. Also for simplicity we will expressthef—tupleasﬁ (r1,72, s Tf) orasasinglefraction% when
f=1

We can seefrom this definitionthatr(v) canbe viewed as consistingof an integer partanda fractional
part. We will usethenotation:,(v) to denotethevalueof thisinteger part, while R, (v) will bethenumberof
non-zerocoordinatesn the f-tuple. We will alsoassumehroughouthis paperthattheelementf an f-tuple
arelistedin increasingorder

As with standardetiming,we will denoteheDFGretimedby r asG, = (V, E, d,,t). Whenwe definethe
delaycountof theedgee = (u,v) afterretiming, we mustremembeto includedelayswithin eachend-node
aswell asdelaysalongtheedgeitself. Furthermorewe previously defineda pathp to beaconnectegequence
of nodesandedgeswith D(p) beingthe paths total delaycount. If we now requireD(p) to countthedelays
bothamongthe nodesandalongthe edgesof p, we caneasilyobtaintheseproperties:

Lemma?2.2 LetG bea DFG withoutsplitnodesandr an extendedetiming Thentheretimeddelaycounton:

1. edee = (u,v) isd,(u — v) =d(e) + 2, (u) — 1,(v) + Ry (u).
2. pathp : u = vis D,(u = v) = D(p) + t,(u) — 1 (v) + Ry (u).
3. cyclel € Gis D, (£) = D(¥).

Givenanedgee = (u,v), weused, (u — v) to denotethetotal numberof delaysalonganedge,including
delayscontainedvithin theendnodesu andv. However, we will referto thenumberof delaysontheedgenot
includingdelayswithin endnodesasd,.(e) asin thetraditionalcase.As with traditionalretiming,anextended
retimingis legal if d,(e) > 0 for all edges € E andnormalizedif min, +,(v) = 0. Notethatary extended
retimingcanbe normalizedby subtractingmin, «,(v) from all values:,(v).

2.3 Static Scheduling

GivenaDFGG, aclockperiodc andanunfoldingfactorf, we constructheschedulinggraphG* = (V, E, w, t)
by reweightingeachedgee = (u,v) accordingo theformulaw(e) = d(e) — { -t(u). Wethenfurtheralter G*
by addinga nodewy andzero-weightdirectededgesrom v to every othernodein G. Figure 3(b) shavs the
schedulinggraphof the examplein Figure3(a)whenc = 3 and f = 1. It canbeshawn that,if < is afeasible
iterationperiod,thenthe schedulinggraphcontainsno negative-weightcycles. Definesh(v) for every nodev
to bethelengthof the shortespathfrom v, to vin this modifiedG?*. For example,in thegraphof Figure3(b),
we notethatsh(A) = 0 andsh(B) = sh(C) = —3. It takesO(| V|| E|) time to computesh(v) for every node

v [3].
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Figure3: (a) A DFG; (b) Theschedulinggraphwith ¢ = 3 and f = 1; (c) Theschedulewith cycle period3.

As we've stated aniteration is simply an executionof all nodesof a DFG once. The averagecomputation
time of aniterationis calledthe iteration period of the DFG. If a DFG G containsa loop, thenthe iteration



periodis boundedrom belov by theiteration bound[14] of G, which is denotedB(G) anddefinedto be the
maximumtime-to-delayratio of all cyclesin G. For example,thegraphin Figure3(a) containsonly oneloop,
which hastwo delaysanda total computatiortime of 6; thus B(G) = 3 for this graph. The scheduldor this
graphdisplayedn Figure3(c) hasaniterationperiodof 3. In this situation whentheiterationperiodof a static
scheduleequalsthe iteration boundof the DFG, we saythat the schedulds rate-optimal The relationship
betweertheiterationboundof a DFG andthe DFG’s schedulinggraphis givenin Lemma3.1 of [3]:

Lemma2.3 Let G be a DFG, ¢ a clok period and f an unfolding factor B(G) < % if and only if the
schedulinggraph G* containsno cycleshavingnegativeweight.

We formally defineanintegral scheduleon a DFG G to beafunctions : V x N — Z wherethe starting
time of nodew in thes*" iteration(i >0)is givenby s(v, 7). It is alegal scheduleif s(u,i)+t(u) < s(v,i+d(e))
for all edges = (u,v) anditerations:. For example,thelegal integral scheduleof Figure3(c) is S3(v,i) =
3(i — sh(v)) for all nodesv anditerations:, wherethe valuesfor sh(v) arederived from the graphof Figure
3(b).

A legal schedulds arepeatingschedulefor cycleperiodc if s(v,i + 1) = s(v, i) + ¢ for all nodesv and
iterations:. It's easyto seethat Ss(v, %) is an exampleof a repeatingschedule.A repeatingschedulecanbe
representedy its first iteration,sincea new occurrencef this partialscheduleeanbe startedat the beginning
of every intenal of ¢ clockticks to form the completeegal schedulelf anoperationof the partial schedulds
assignedo the sameprocessoim eachoccurrencef the partialschedulewe saythatour schedulés static

Sincethe iterationboundfor the graphof Figure 3(a) is 3, andall nodesof this graphare 3 or smaller
Theorem=.3and3.5 of [3] tell usthatthe minimumachiezablecycle periodfor this graphis 3. We canthen
producethestaticDFG schedulén Figure3(c) by constructingheschedulinggraphandthencomputingsh(v)
for eachof the nodes.We canthenusethis informationto createthe scheduleof Figure 3(c) by applyingthe
formulafrom theabove proofto createtheschedulefor thisexampleSs(A,0) = 0 andS3(B,0) = S3(C,0) =
3-3=1

3 Finding an Extended Retiming from a Static Schedule

As we've saidthroughouthis paperwe currentlyhave onemethodfor finding anextendedetimingwhich can
be combinedwith a non-trivial unfoldingfactorto achieve optimality. In this sectionwe will developanother
moreefficient algorithm. We demonstrateur methodsusingthe graphin Figure1(a)with a clock periodof 7
andunfoldingfactor2.

Our currentprocedurecalls for usto unfold the graphtwice (asin Figure2(a)) andthenschedulédt with a
clock periodof 7. We useDFG schedulingasdefinedin [3], startingwith the constructiorof the scheduling
graphin Figure4(a). We note from this graphthat sh(40) = sh(A1) = 0, sh(B0) = sh(B1) = —12
and sh(C0) = sh(C1) = —12. We next constructthe scheduleof Figure 4(b) accordingto the formula
S7(v,1) = 7(i — sh(v)). Sincethisis the scheduldor our unfoldedgraphandwe will do no furtherunfolding,
we canapplytheresultfrom [12], cuttingthegraphimmediatelybeforethelastnodego enterthescheduldi.e.,
thetwo copiesof C) andinstantlyreadinga legal retimingwith r(A0) = (A1) = 15, r(B0) = r(B1) = 1
andr(C0) = r(C1) = 0. It is thisfunctionwhich yieldsthegraphin Figure2(b) whenappliedto the graphin
Figure2(a).

This functionis now usedto constructa legal retiming on the original graph. We addthe retimingsfor
all copiesof a particularnodetogetherusinga specialadditionoperatord which addsthe integer partswhile
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Figure4: (a) Schedulinggraphfor Figure2(a); (b) Cut scheduldor this DFG; (c) TheretimedDFG.
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Figure5: (a) Schedulinggraphfor Figurel(a);(b) Cut scheduldor this DFG; (c) TheretimedDFG.

concatenatinghefractionalparts.Formally, for eachnodeu andpositive integersi andy,

() @ r(u;) = (zr<ui>+ﬁ<a1,a2,m,an)) ® (u(%)+ﬁ(ﬁ1,ﬂz,---,ﬁm)>

= () + o)) + % (0115 02, G, By B2y ooy i) -

t(u

Thus,for ourexampler(A) = 12 @12 = 2+ 5(5,5), 7(B) = 1@ 1 = 2andr(C) = 0&0 = 0. Applying
this to our original graphin Flgure 1(a) resultsm the graphin Figure4(c), with two delaysinsideof node A
next to eachother The resultis an optimizedgraph,but the processequiresa greatdeal of time andspace
becauseve areworking with themuchlargerunfoldedgraph.

In [10], we demonstratethatthe orderof applicationdidn’t matter;we couldderive anoptimalresulteither
by unfoldingthenretiming or by applyingretimingfirst. Therefore,jt makessensehatwe shouldbe ableto
constructa methodsimilar to the above one,but which is appliedto the original graph. Let us attemptto do
whatwe did abore withouttheunfolding. In otherwords,we proposeo construcbour staticscheduleasbefore,
basedntheoriginal graphthistime. We will cutthisresultingscheduleandreadour retimingasbefore.

We beagin by applyingthis proposedalgorithmto the graphin Figure 1(a). The schedulinggraphwith
clock period7 andunfolding factor2 is displayedas Figure5(a); notethat sh(A) = 0, sh(B) = —% and
sh(C) = —% in this case This graphis now schedulediccordingto theformula.S7 /5 (v, 1) = [2(i — sh(v))]
andcutbeforeC’sinitial entranceasin Figure5(b). Thefunctionthatwe now readhasr(A4) = 1+ %(1, 5,8),
r(B) = 1 andr(C) = 0. Whenappliedto the original graph(asin Figure5(c)), this functionappearso bea
legal retimingwhich doesoptimizethegraph.

Having establishedvhat we want to do, we mustformalize this methodand prove its resultis a legal
retimingwhich optimizesa DFG. Let S(v,i) = [%(z — sh(’u))-| betheintegral schedulewith clock periodc

andunfoldingfactorf. S(v,4) givesthestartingtime of nodew in thei'? iteration. Thusthetime atwhichthe
prologueends,which we will denoteas M andis wherewe wantto make our cut, equalsthe startingtime of
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the lastnodeto enterthe staticschedule.In otherwords,M = max, S(v,0). (SeethatM = S(C,0) = 12
above.) We now wish to countthe numberof eitherwhole or partial occurrence®f eachnodeto the left of
this cut. Thei** copy of nodewv beginsto the left of the cutif S(v,i) < M. A copy of anodeis complete
if M — S(v,7) > t(v); otherwiseit is partial. Clearly eachcompletecopy of a nodeaddsl to the eventual
retimingfunction. Ontheotherhand,if acopy is cut,we only wantto addthefractionof the nodeto theleft of
thecut,whichis foundby dividing the pieces computatiortime by the computatiortime of thewholenode.At
theend,we combinethe contritutionsfrom a nodes copiesvia our @ operatorfinally arriving attheretiming

formula M So.i
r(v) = @ min{l,ﬂ}. 1)

i:S(v,t)<M t(’l))

Letusconsidetthis formulawhenappliedto nodeA of Figurel(a). As we canseefrom our schedulen Figure
5(b), thefirst four iterationsof A areto beconsideredvhenconstructinghe nodes retiming:

S(A4,0) =0 andmm{l, Tr=1
2. S(A, 1) =[f.1] =4andmin{1, 24} = &.
3. 5(4,2) = [%-2] = 7andmin {1, 12 7} =3
4. S(A,3) = [£-3] = 11 andmin {1, 121011} — %,

Combiningthesefiguresgivesusr(4) = 1@ & @ 2 @ L = 1+ £(1,5,8), exactly the sameanswerwe
foundby simply examiningthe scheduldable. Our formulaappears$o accuratelydescribethis situation.

To further our confidencein this proposition,we can also checkthat (1) matchesour previous formula
from [11,12],alegal retimingin the casewherewe have no unfolding. In this case a simpleclosedform can
bederived.

Lemma3.1 LetG bea DFG andc a positiveinteger with ¢(v) < ¢ for all nodesy. In thecasewhenf = 1,

Equation(1)is equivalento theformular’(v) = |sh(v) — X| -I-min{l, Ty ((sh(v) — X) — |sh(v) — XJ)}

whee X = min, sh(v).

Proof: FirstnotethatM = —c- X andS(v,i) = c(i — sh(v)) by definitionwhen f = 1. Now, suppose
that nodew is split in both iterationsi andi + & for someinteger k& > 0. Sincethe*" iterationis split,

0 < M—S(v,i) < t(v), implyingthat0 < sh(v)—i—X < ( ) <1<k Thus—k < sh(v)—(i+k)—X <0,

andsoM — S(v,i + k) < 0. This placesthe (i + k)** copy of v asstartingaftertime M, contradictingour

assertiornthat it wasalsoto be split in our schedule andwe concludethat ary nodeis split in at mostone
iterationin thecasewheref = 1 andt(v) < ¢ for all nodesv.

Givenanodev, theonly way a copy of v doesnotappeain theprologueis if M = S(v,0) andr(v) = 0.
In this casesh(v) = X andr’/(v) = 0 aswell. Thisleavesusthe casewherea copy of v doesappeaiin the
prologue which splitsinto two subcases:

1. If no copy of v is split, thenthereexists aninteger: > 0 suchthat M — S(v,i — 1) > t(v) while
S(v,3) — M > t(v). Inthiscaser(v) = i. SeethatM — S(v,k) = ¢(sh(v) — k — X) for ary k, and
SOM — S(v,i — 1) > t(v) impliesthatsh(v) — X > (i — 1) + X2 Similarly M — S(v,7) < —t(v)
impliesthatsh(v) — X <i— @ Since@ € (0, 1], wethusconcludethat | sh(v) — X | =¢ — 1, and
S0sh(v) = X — [sh(v) = X| = sh(v) = X — (i — 1) > ", or & (sh(v) — X — [sh(v) — X]) > 1.
Thereforer’(v) = (i — 1)+ 1 =i =r(v).

2. On the other handassumethat the i’ copy of v is split. ThereforeM — S(v,i — 1) > t(v) while
0 < M — S(v,i) < t(v). Seethatr(v) =i+ %()“) in this case.Now, M — S(v, i) lying in the
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intenal (0,t(v)) impliesthat: < sh(v) — X < i+ @ < i+ 1,s0|sh(v) — X| = 4. Furthermore,

t
M — S(v,i) = ¢(sh(v) —i — X) = c¢((sh(v) — X) — [sh(v) — X ]), andsor(v) = [sh(v) — X | +
iy ((sh(v) — X) — [sh(v) — X]) = r'(v).

Thus,for all nodesv, r(v) = r'(v) whenf = 1 andt(v) < ¢ for all v. O

We now arevery confidentof our assertionbut muststill shav that(1) is, in fact,alegal extendedretiming
which minimizestheiterationperiodof a data-flav graph.Recallthatthesedefinitionsarebasedn thes,. and
R, functionsfor the retimingr in question.Therefore beforeproceedingo our primary result,we mustfind
the closedformsof thesefunctionsfor our proposedormula.

Lemma 3.2 Letr betheextendedetiminggivenby Equation(1) above Them, (v) = [%(M —t(v)) + sh(v)J +
1 andR®, (v) = [g(M 1)+ sh(v)J +1—1,(v).
Proof:

1. To find the numberof completecopiesof v in the prologue,we wantto find the largesti suchthat
M — S(v,i) > t(v). Thiswill give ustheactualiterationnumberof thelastcopy of v in the prologue;

for the countwe mustthenaddl. Now, sinceS(v,i) = [%(z —sh(v))-| by definition, we seethatthis

quantityunderthe ceiling functionis boundedabore by M — ¢(v), ori < %(M — t(v)) + sh(v). Since
i mustbe aninteger, we now take the floor function of the right-handside of this inequalityto find the
largestpossiblevaluefor i.

2. Similarly, we mustknow theiterationnumberof thefirst copy of v which doesnot startin the prologue,
i.e. thesmallest suchthatS(v,i) > M. To find thenumberof copiesof v thataresplitin our schedule,
we thenneedonly subtract, (v), thenumberof completecopiesof v in ourprologue from . Now, again
by definitionof S(v, i), S(v,4) > M impliesthat £ (i — sh(v)) > M — 1 ori > %(M — 1) + sh(v). If
the quantityon theright-handsideof this inequalityis notaninteger, thenwe want: equalto the ceiling
of this quantity which s the sameasthefloor of this quantityplus 1. Onthe otherhandi,if this quantity
is aninteger, we musthave 1 equalto 1 plustheright-handside,whichis the sameas1 plusthefloor of

theright-handside.In ary casei = [i(M —-1)+ sh(v)J + 1 andour resultis shovn.

Cc

With this resultwe cannow shaw:

Theorem 3.3 LetG = (V, E, d, t) beaDFG with iterationperiod% > 1, 1.e. withclod periodc andunfolding
factor f. Thentheretimingr describedy Equation(1) is a legal extendedetimingon G suthatcl(G,. ) < c
if andonlyif theschedulinggraph G* containsno negative-weightycle

Proof:
e Assumethatcl(G, ) < c. By theknown propertieof theiterationboundfrom [13], we have

B(G) = BCrs) _ dGry)

¢
f foor
0

andsom < 7 for all Q/c_lese inG. ThusW(E) =D(¢) — % -T'(¢) > 0 for all cycles? in G*, andso
theschedulinggraphcontainsno negative-weightcycle.

e OntheotherhandassumehatG* containgno negative-weightcycle.



1. To prove the legality of », we mustshaw thatd,(e) = d,(u — v) — R, (u) — R, (v) = d(e) +
1 (u) — 2. (v) — R, (v) > 0 for ary edgee = (u,v) of G. By thedefinitionof theschedulinggraph,
sh(v) < sh(u) + d(e) — L - t(u), andsod(e) + sh(u) — sh(v) > L - t(u). Thus,by Lemma3.2

abore,
d.(e) = d(e)+ 1w (u)—1(v) — [{(M -1+ sh(U)J —1+12,.(v)
= d(e) + {%(M —t(u)) + sh(u)J +1-— {{(M -1)+ sh(v)J -1

Fu — t(w)) + (d(e) + sh(w) —sh(v))J > H >0,

Y

C C

2. Letp : u = v beapathin G with T'(p) > ¢. We wish to shav that D,.(p) = D(p) + 1 (u) —
1-(v) + R.(u) > 1. Again, dueto the constructionof the schedulinggraph,sh(v) < sh(u) +
D(p) — {(T(p) —t(v)), andso D(p) + sh(u) — sh(v) > %(T(p) —t(v)). Thereforepy Lemma
3.2again,

D) = D) +10(0) o lo) + | L0 = 1) shw)| 41 =100
= D(p)+ [i(M —-1)+ sh(u)J +1- [{(M —t(v)) + sh(v)J -1

C

> |Lew) -1+ 06) + () - shto) |
> |Lew - v+ Lo - wo)| = | Lew) - v)]
> Le-n|=|r-1] =1

sincef < ¢ by assumptionThusD,(p) > f wheneerT'(p) > ¢, andby Theoren?2.1,cl(G,,f) <
C.

a

As afinal aside we abore raisedthe questiorof exactly how mary delaysmaybe placedinsideanode.We
cannow derive our answelin thegenerakase:

Lemma3.4 Let G bea DFG, with B(G) = % the iteration boundin lowestterms. Let k& be the smallest
positiveinteger sud that¢(v) < kc for all nodesv of G. Thenat mostk f delaysmaybe placedinsideof any
nodeasa resultof extendedetiming

Proof: Assumeby way of contradictionthatkf + 1 or moredelaysareto be placedinside of nodewv. This
impliesthatthis mary copiesof v arecutin thescheduldable.Let i bethesmallestiterationnumberof oneof
thesecopiessothat0) < M —S(v,i) < t(v). By ourassumptionthe (i +kf)** copy of v is alsosplit,implying
that0 < M — S(v,i+kf) < t(v). However, S(v,i+kf) = [%(z’ — sh(v) + kf)] - [;(i — sh(v)) + kc] -
S(v,1) + ke by definition,andsot(v) < k¢ < M — S(v, ), contradictingour choiceof 7. Thuswe mayplace
atmostk f delayswithin ary nodew. O

Returningto our examplein Figurel(a),theiterationboundof thegraphis % but thesizeof nodeA dictates
thatk = 2. By thislemma,we know thatatmost4 delaysareplacedinsideary of thethreenodesandthatary
nodeis dividedinto at most5 piecesy extendedretiming.

10



4 Minimum Rate-Optimal Unfolding Factors

As we've said,aniteration of a data-flav graphis simply anexecutionof all nodesonce.The averagecompu-
tationtime of aniterationis calledtheiteration period of theDFG. If the DFG G containsacycle, theaverage
computationtime of the cycle is the total computatiortime of the nodesdivided by the numberof delaysin

the cycle. Thisratio mustbe smallerthantheiterationperiodof thewhole graphsincethe cycle constitutesa

subgraplof G. If we computethe maximumtime-to-delayratio over all cyclesof G we derive alower bound
ontheiterationperiodof G. This maximumtime-to-delayratio is calledtheiteration bound[14] of G andis

denotedB(G).

If theiterationperiodof agraphs schedulequalghegraphsiterationbound theschedulés saidto berate-
optimal Aswe've saidthroughouthis paperourgoalis to achiere rate-optimalityvia retimingandunfolding.
If adata-flav graphcanbeunfoldedf timesandachieve rate-optimality(i.e. aclock periodequalto f - B(G)),
we saythat f is the rate-optimalunfoldingfactor for G. Obviously we wish to achieve rate-optimalitywhile
unfoldingaslittle aspossible.To this endwe needto computethe minimumrate-optimalunfoldingfactorfor
ary graph.We begin by shaving thislink betweera graphs clock periodanditerationbound:

Lemma4.l Let G bea data-flowgraphwithoutsplit nodesc a cycleperiodand f an unfoldingfactor with
[ < c. Thenthere existsa legal extendedetimingr on G sud thatcl(G, ) < cif andonlyif B(G) < 7

Proof: Followsfrom Lemma2.3andTheorem3.3. O
With thisin handwe canshaw:

Theorem 4.2 Let G be a data-flowgraph without split nodeswhoseiteration boundexceedsl. Let/ be a
critical cycleof G, i.e. B(G) = %. Letg bethegreatestommordivisorof T'(¢) and D(¥). Then% isthe
minimumrate-optimalunfoldingfactor for G.

T(e)

Proof: Leto = — andp = %. We needto shav that p is a rate-optimalunfolding factorandthatit is

minimal.

1. By definition B(G,,) < cl(G,,) for ary retimingr. Ontheotherhand,sinceB(G,) = B(G) for ary
retimingr of G,
D) 1) _ T
B(G,,)=p-B(G,) =p-B(GQ) = ' = 3
which is integral andis thusa legitimate choiceof clock periodfor G. Since 2Cre) B(Q) for ary
retimingr of G, by Lemma4.1thereexistsalegal extendedretimingrq suchthatcl (G, ,) < B(Gr,,p)-
Thuscl(Gr,,,) = B(Gr,,,) andp is arate-optimalnfoldingfactorby definition.

2. Assumef is ary otherrate-optimalunfoldingfactor Thusthereexistsanintegerc suchthat B(G) = %
Therefore
c o T

fp D)
andso both fractionsare reducedforms for B(G). However, by definition of g, % mustbe the most
reducedorm, andsop < f for ary otherrate-optimalnfoldingfactorf.

a

In short,to find therate-optimalunfoldingfactorof adata-flav graphG, we computeB(G) (apolynomial-
time operation[6]) andreducethe resultingfractionto lowestterms. The denominatowof this fractionis our
desiredunfoldingfactor

11



5 Experimental Results

Let's considerthe data-flav graphrepresentationf a lIR filter. Assumethata multiplier (shavn belov asa
circle) requirefour unitsof computatiortime, asopposedo onefor anadder(shavn asasquare) Furthermore,
to complicateour example, multiply the register countof eachedgeby 2, referredto in [8] asapplyinga
slowdowrof 2 to our original circuit. Theresultis picturedin Figure6(a).

@ (b) (©)

Figure6: (a) A 2-slow secondorderlIR filter; (b) This graphoptimizedby extendedretiming; (c) This graphoptimized
by traditionalretiming

Theresultingcircuit hasaniterationboundof 3, andcanberetimedvia extendedretimingto achieve this
clock periodasin Figure6(b) without unfolding. However, if we restrictoursehesto traditionalretiming, the
bestclock periodwe cangetis 4. The only way to obtainanoptimalresultis to unfold the graphby a factorof
2 andretimefor aclock periodof 6, asshavn in Figure6(c).

Repeatinghis exercisewith othercommonfilters yields Tablel. In all caseswe achie/e betterresultsby
usingextendedretiming, gettingan optimal clock periodwhile requiringlessunfolding. This improvementis
illustratedby thelastfour columnsof our table. Limiting oursehesto traditionalretiming forcesusto decide
betweenwo pooroptions:If wewantanoptimalclock periodwe mustunfold by alargerfactor whichis listed
for eachexamplein the second-to-lastolumnof Table1. This dramaticallyincreaseshe size of our circuit,
andthusthe numberof functionalunits we requireandthe productioncosts.On the otherhand,if we wantto
unfold by our extendedunfolding factor (shavn in boldfacein thetable),we will be forcedto acceptalarger
iterationperiod(listedin thelastcolumnof the sametable). Theresultis a smallercircuit runningatlessthan
optimalspeed.

Comp. Min. Optimal || Iter. Pd.w/
Benchmark Time | Slow- Iter. Unf. Factor Bold U. F.

+ | x | down | Bound|| Ext. | Trad. | Ext. | Trad.
SecondOrderlIR Filter 1| 4 2 3 1 2 3 4
SecondOrderlIR Filter 1]10 6 2 1 6 2 10
2-Cascade@iquadFilter | 4 | 25| 6 4 2 6 55| 125
All-Pole LatticeFilter 2|5 12 3 2 6 15| 25
All-Pole LatticeFilter 1112 7 4 1 7 4 12
Fifth OrderElliptic Filter | 2 [ 12| 16 I 2 8 35| 6
Fifth OrderElliptic Filter || 2 [ 30| 20 3 2 20 | 55| 15

Tablel: Experimentatesultsfor commoncircuits
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6 Conclusion

Our original work on this topic [11,12] yielded an extendedretiming methodthat allowed us to transform
ary data-flav graphto onewhoseclock period matchedthe cycle period of ary of its legal schedules.We

also demonstrate@ simple methodfor finding an extendedretiming which yielded a desiredclock period;
namely cut the staticscheduleat the pointwherethelastnodeto be scheduleantersandcountthe numberof

occurrencesf eachnodeto theright of thecut. However, becauseve haddonethesehingswithoutconsidering
theeffect of unfolding,theseresultswereof limited use.

Therefore,in our next paper[10], we improved this resultby combiningour methodwith unfolding, re-
sultingin amoregeneralform of extendedretiming. We alsodevelopeda methodfor calculatingthe optimal
unfoldingfactorfor extendedretiming: computetheiterationbound,reduceit to lowestterms thenusethede-
nominatorof theresultingfraction. However, our resultin [10], shaving thatthe orderin whichwe retimeand
unfold is immaterial,indicatedto usthatwe shouldbe ableto find a retimingimmediatelywithout unfolding
first. In this paperwe have constructec methodto do this, basedbn our earliersimplifiedalgorithm.We have
alsodemonstratethatour work hereandin [10] is indeeda generalizatiorof our earlierwork andprovenan
upperboundon the numberof delayswhich maybeembeddeadvithin a nodeasa resultof extendedretiming.

We have developedtheseresultswhile assumingheuseof integral schedulesWe alsohave thepossibilities
of fractionalscheduleswhereoperationgnay be scheduledat ary time (not necessarilat integral points)[3].
We thushave anadditionalmodelsto explore aswe discussxtendedretiming.

Finally, ParhiandMesserschmittl 3] have defineda DFG with only oneregisterin eachloopto beperfect-
rate. It is our conjecturethat perfect-rategraphsmay be retimedto be rate-optimalusing only traditional
retiming, but arestill in searctof arigorousproof.
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