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Abstract

Many commoniterative or recursve DSP applicationscan be representedby synchronougata-flav
graphs(SDFGs).A greatdealof researcthasbeendoneattemptingto optimizesuchapplicationghrough
retiming. However, despiteits proven effectivenessn transformingsingle-ratedata-flav graphsto equiv-
alentDFGswith smallerclock periods,the useof retiming for attemptingto reducethe executiontime of
synchronou®FGshasnever beenexplored.In this paperwe dojustthis. We developthe basicdefinitions
andresultsnecessaryor expressingandstudyingSDFGs.We review the problemsfacedwhenattempting
to retimea SDFGin orderto minimize clock period,thenpresentan algorithmfor doingthis. Finally, we
demonstrat¢éhe effectivenesof our methodon severalexamples.

Intr oduction

Sincethe mosttime-critical partsof DSPapplicationsareloops,we mustexplorethe parallelismembeddedn
the repetitive patternof aloop. Oneof the mostusefulmodelsfor representinddSP applicationshasproven
to be the multirate or syntironousdata-flowgraph (SDFG) first proposedy Lee[13]. Thenodesof a SDFG
represenfunctional elementswhile edgesbetweennodesrepresentonnectiondetweenthem. Eachnode
consumesndproducesa predeterminedixed numberof delays(i.e., datatokens)on eachinvocation. Addi-
tionally, eachedgemaycontainsomeinitial numberof delays.Thismodelhasprovenpopularwith designersf
signalprocessingrogrammingernvironmentg9, 11,18,23] with its useleadingto numerousmportantresults
regardingthe scheduling7], hierarchizatior[21], vectorization[20] and multiprocessoallocation[8, 13] of

DSPprograms.

A greatdealof researcthasbeendoneattemptingo optimizevariousaspect®f anapplications execution
by applyingvariousgraphtransformatiortechniquego the applications SDFG.Oneof the moreeffective of
thesetechniquess retiming[15,16], wheredelaysareredistriitedamongthe edgessothathardvareis opti-
mizedwhile the applications functionremainsunchangedRetimingwasinitially appliedto single-rateDFGs
to optimizethe application$ scheduleof taskssothatthe cloc period of the graph(i.e., thetotal computation
time of thelongestzero-delaypath)wasdecreaseth orderfor theapplicationto be moreefficiently scheduled
for executionon multiprocessor$3-5]. It waslater extendedto the more generalSDFG modelin orderto
extendvectorizationcapabilitieqd25] or minimizethetotal delaycountof a SDFG[24]. However, the problem
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of usingretimingto minimizethe clock periodof a multirate DFG hasremainedunexplored. In this papeywe
will discusghis problemandproposea methodfor accomplishinghis task.

To illustratethe benefitsof the retiming transformationconsiderthe single-rateDFG in Figurel1(a). The
numbersabove the nodesrepresentomputatiortimesof individual tasks,while the shortbarlines cuttingthe
edgesarethe delays. We canseethat our clock periodin this caseis 4 dueto the zero-delayedgefrom A to
B, hereaftereferredto as(A, B). Retimingallows usto remove adelayfrom (C, A) andplaceit on (A4, B) to
createthe retimedgraphin Figure1(b) with clock period3. The functionof thetwo graphsis the same with
the only complicationbeingthatwe will have to provide the first valueof A whenwe begin execution. The
costsof doingthis areminisculewhenwe considerthatwe will be saving a clock cycle eachtime we execute
theloop.
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Figurel: (a) A single-ratedata-flav graph;(b) This DFG retimedto have clock period3

An additionalbenefitis that schedulingaloneusuallyyields a scheduleequiringmoreresourceshanthe
scheduleproducedy retimingfirst. To illustratethis, considerthe single-ratedata-flav graphin Figure2(a).
It is clearthatthis graphhasa clock periodof 4, andwe canderive the schedulan Figure2(b) which hasthis
clock period. Notethatthis scheduleequiresa minimumof 5 processinginitsto executebecaus®f thework
calledfor atary time-stepgreatetthanzerowhichis amultiple of 4.

@ (b)
Figure2: (a) A sampleDFG; (b) Its schedulewith cycle period4

Ontheotherhand,supposehatwe retimeour graphto becomehe DFG of Figure3(a). Thisretimedgraph
permitsusflexibility whenschedulinghodeFE, allowing usto compacbour scheduleandproducethe onegiven
in Figure3(b) which requiresonly 3 processorsa 40%reductionin resourcesequiredfor execution.

The benefitsare clear but reworking our retiming methodsso thatthey may be appliedto synchronous
graphsis not easy The differencebetweenthe single-rateand multi-rate modelslies in the specificationof
productionandconsumptiorrateson eachedge;in single-rategraphsall suchratesareassumedo bethesame,
whereadifferentratesfor differentedgesaretypically specifiedwhenconstructingSDFGs.Two pitfalls were
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Figure3: (a) Figure2(a)retimed;(b) TheretimedDFG's schedulewith cycle period4

notedin [26]. Firstof all, a retiming may be derived for a single-rateDFG by solving a linear programming
problem[16]. Theintroductionof rateson the edgespotentially changeghis to a more complicatednteger
linear programmingproblem. Second,the introductionof ratesinvalidatesthe traditional resultsregarding
the delay countsof pathsand cycles, depriving us of mary useful resultsderived for the single-ratecase.
Specifically in the single-ratecase we seekto remaove zero-delaypathwith excessie total computatiortimes.
It isn't clearwhatwe wantto avoid in themulti-ratecase;a specificdelaycounton onepathmayor maynotbe
adequatedependingpn whatrateshave beenspecified.

Finally, the mostpopularmethodfor retiming SDFGshasbeento translatethe SDFGto its single-rate
eqguialent, retimethis new graph,thentranslateback[10,24]. Therearetwo problemswith this idea. First,
aswe will demonstratet maybeimpossibleto translatea retimedsingle-rategraphbackto a retimedSDFG.
Secondgvenif this methodworks,thecostsin performingthe necessarjranslationanddramaticallyincreas-
ing our problemsize may be prohibitive. It is clearly preferableto work with the original SDFGasmuchas
possible.

In this paper we will develop the basicdefinitionsandresultsnecessaryor specifyingand manipulating
a SDFGandits single-rateequivalent. We will review retimingandpoint out the problemswhich arisewhen
it is appliedto SDFGs.We will proposea polynomial-timealgorithmwhich retimesa given SDFGto have a
specifiedclock period.Finally, we will demonstratéhe effectivenessf our algorithmby applyingit to several
examples.

In the next section,we will formalizethe fundamentatonceptgelatedto the studyof synchronouslata-
flow graphs We thendiscussetimingandthe problemswe faceaswe applyit to SDFGs.Next is ourretiming
algorithm,followed by detailedexamples.Finally, we summarizeour work and point to future directionsfor
study

2 SynchronousData-Flow Graphs

The conceptof a synchronouslata-flav graphwasdevelopedandusedextensiely by Lee andMesserschmitt
[12-14], but wasnotrigorouslydefineduntil thework of Zivojnovic etal [22,24,26]. In thissectionwe review
their definitionsandideasin orderto formalizetheseconcepts.



2.1 BasicDefinitions

A syntironousdata-flowgraph (SDFQ (sometimegalleda multirate or regular data-flav graph)is afinite,
directed weightedgraphG = (V, E. d, t, p, c¢) where:

1. V isthevertex setof nodesor actors, which transforminput datastreamsnto outputstreams;

2. E CV x Vistheedgeset,representinghannelsvhich carrydatastreams;

3. d: E - NU{0} isafunctionwith d(e) thenumberof initial tokens(delay3 onedgee;

4. t: V — Nisafunctionwith ¢(v) the executiontime of nodev;

5. p: E — Nisafunctionwith p(e) the numberof datatokensproducedat e’s sourcenodeto be carried
by e;

6. c: E — Nisafunctionwith c(e) thenumberof datatokensconsumedrom e by e’s sinknode.

(In this definitionN is the setof naturalnumbers{1,2,3,...}.) If p(e) = c(e) = 1 for all e € E, we saythat
G is ahomaeneoudata-flowgraph (HDFG). HDFGsarealsosometimeseferredto assingle-iate data-flow
graphsor simply data-flowgraphs

To illustrate, considerthe SDFGgivenin Figure4(a) belon. The numbersabove the nodesrepresenthe
executiontimesfor the individual tasks,while the smallernumbersat either end of an edgedenotetokens
producedor consumed.As an example,t(A) = 2 while t(B) = t(C) = 1 in thefigure. Furthermorethe
numbersat eitherendof the edgeconnectingAd and B indicatethatnode A producenetoken on this edge
whenit executeswhile nodeB consumeswo tokensfrom this edgeeachtimeit fires.

1 -2 0
0 1 -1
M= 0 -1 1
-1 0 2

@ (b)
Figure4: (a) A sampleSDFG;(b) Its topologymatrix M

It is sometimesusefulto characterizean SDFGby its topolagy matrix, an|E| x |V| matrix similar to an
incidencematrix. Eachrow correspondso oneedgein the graph,while eachcolumncorresponds$o a node.
A positive (4, 1) entryin thetopologymatrix indicateshe numberof tokensproducedoy the j** nodeonthe
i" edge,while a negative entry heregivesthe numberof tokensconsumedy node;j from edgei. All other
entriesarezero.As anexample thetopologymatrix of Figure4(a)is givenin Figure4(b).

In [13] it wasdemonstratedhat a repeatingsequentiaschedulecanbe constructedor a SDFGG if the
rank of the graphs topology matrix is one lessthanthe numberof nodesin the SDFG. (The reverseis not
necessarilytrue, aswe will seeshortly) If this condition holds thereis a positive integer vector g in the
nullspaceof thetopologymatrix calleda repetitionvectorfor G. Therepetitionvectorfor G with thesmallest
normis calledthe basicrepetitionvector(BRV) for G [1]. For example,the BRV for the SDFGin Figure4(a)

isqg = [ 2 11 ]T. The elementsof a BRV ¢ indicatethatg; copiesof nodewv; mustbe executedduring
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every iterationof thestaticscheduleln ourexamplewe mustscheduléwo copiesof A andonecopy eachof B
andC eachtime; seeFigure5(a). Finally, a SDFGis consistentf it hasa BRV. An exampleof aninconsistent
SDFGappearsasFigure5(b), with its rank 3 topologymatrix in Figure5(c). It is clearthat, if we attemptto
executethis circuit, eachnodewill fire oncebeforenodeA deadlockghe systemwaiting for its secondoken.
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Figure5: (a) Therepeatingscheduldor Figure4(a); (b) An inconsistenEDFG;(c) Its topologymatrix

2.2 Constructing an Equivalent HDFG

In orderto studyanSDFG,it is sometimesisefulto createts equivalenhoma@eneouglata-flongraph (EHG).

As thenameimplies,anEHG performsthe samefunctionasthe original SDFG,but is constructedothateach
edgecarriesatmostonetoken. Sinceeachnodeis expectingto eitherproduceor consumenoredatathanthis,
anEHG compensately insertingmultiple edgesetweemodes.

An algorithmfor creatinga graphs EHG appearsas Algorithm 1 below. It is adaptedrom the method
of [1] for constructinghe EHG of cyclostaticDFGs,which notonly permitmultiple tokensto passalongedges
but alsospecifieghe patternof their productionor consumption.The algorithmfirst createsenoughcopiesof
eachnodeto satisfythe specification®f the BRV. It theninsertsedges.If nodesin a SDFGareconnectedy
a zero-delayedge thenthefirst datatoken producedoy the first copy of the sourcemustbe consumedy the
first copy of the sinkin the EHG. If therearedelayson anedge the datacontainechereis consumedirst, so
thatthefirst new tokenproduceds in factneededy alatercopy of thesink. Thealgorithmdeterminesvhich
copiesof sourceandsink to mapto oneanotherasedon how muchdatahasbeencreatedandused. As an
exampleof ouralgorithmin action,the EHG of Figure4(a)appearsn Figure6.

Therearetwo significantdifferencesdbetweenour algorithmandthat of [1]. First, the original algorithm
wasmore concernedvith makingsurethatthe amountof dataproducedandconsumedn an edgematched.
This yields a simpler but more confusinggraph. For purposef clarity, we do not combineedgeshetween
nodes.If multipletokensareto be sentbetweemodesn the EHG, eachtravelsalongits own edge.Onebenefit
is thatthe delaycountsbetweerthe original SDFGandthe EHG matchin our model. More significantly the
original algorithmalsoinsertedcontroldependenciemto the EHG, insuringthatall copiesof a nodeexecute
serially Sincewe areconcernedvith maximizingparallelism,we concernoursehesonly with the necessary
datadependencies.

Finally, asderivedin [1] and[6], we will saythata SDFGis live if its EHG hasno zero-weightcycles.
Otherwisethe graphis deadloked An exampleof a consistentieadlockd graphappearasFigure7(a), with
its EHG in Figure 7(b). As we cansee,the loop betweennodesA and B, containsno delays,andsoit is
impossibleto schedulehemsinceeachmustprecedehe other It shouldbe clearthata SDFGmustbe both
live andconsistentn orderfor it to have arepeatingstaticschedule.
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Figure7: (a) A deadlockd SDFG;(b) Its EHG

3 Retiming

A greatdeal of researcthasbeendoneattemptingto optimize the scheduleof an applications tasksafter
applying variousgraphtransformationtechniquego the applications HDFG. One of the more effective of
thesetechniquess retiming[15,16], wheredelaysareredistrituted amongthe edgesso thatthe applications
functionremainghe samewhile the executiontime decreasedespiteits usefulnessvhenappliedto HDFGs,
theapplicationof retimingto SDFGswasexploredonly maginally prior to 1994[10,17] beforebeingstudied
by Zivojnovic etal primarily asawayto minimizethedelaycountof aSDFG[24,26]. In this sectionwe intend
to review the basicsof retiming, explore someof the pitfalls which arisewhenstudyingretiming of SDFGs,
demonstrat¢he effectivenesof retiming,andproposewo algorithmsfor retiming SDFGs.

3.1 BasicDefinitions

A pathin eithera SDFGor aHDFGis ary sequencef nodesandedges.Theclod periodcl(G) of aHDFG G
is thendefinedto bethelengthof thelongestzero-delaypath[2]. This definitionis problematicon two counts.
First, it is not clearwhatthe delay countof a pathin a SDFGreally is in light of the inconsistenciein the
resultsfrom [24]. Secondsupposghatwe attemptto applyour definitiondirectlyto SDFGs,asdemonstrated
by Figure7(a). We would concludethatthe clock periodequals2, but in reality thegraphmusthave aninfinite
clock period becauseof the problemsschedulingnodesA and B;. Thus,we areforcedto definethe clock
periodof a SDFGto be equalto the clock periodof its EHG. As anexamplethe clock periodof the SDFGin
Figure4(a)is 4 by our definition.



Algorithm 1 CreatinganEHG for aSDFG
Input: A SDFGG = (V, E, d,t,p,c) anditsBRV ¢
Output: AnEHGG' = (V' E',d',t')
for all nodesy € V do
for i «+ 1to g, do
addacopy of v asv; to V'’ /* Createall needectopiesof eachnode*/
t'(vi)  t(v)
end for
endfor
for all edges: = (u,v) € E do
N < d(e) dive(e) +1

j (N—=1) mod g, + 1 /* Findfirst sink nodeneedingdata*/
no(v) < N - c(e) — d(e) /* How muchnew datathis nodeneeds/
for i « 1to ¢, do
no(u) < p(e) * How muchdatacanbe givento this node*/
while no(u) # 0 do
amt(u,v) < min{no(u),no(v)} I* While copy of sourcehasdatato give outloop */

for k < 1to amt(u,v) do
addanedgee = (u;, v;) to E' with d'(e) « (N — 1) div g,

end for

no(v) < no(v) — amt(u,v)

no(u) < no(u) — amt(u,v)

if no(v) = 0then
N+N+1 * If copy of sink hasenoughdatamove to next copy */
j (N—-1) mod ¢, +1
no(v) < c(e)

endif

endwhile
end for
endfor

Similar problemsarisewhenwe attemptto minimize the clock period. We will saythataniteration of a
SDFGis the executionof all nodesof its EHG once. The averagecomputationtime of oneiterationis then
calledthe iteration period of the SDFG andis equalto the iteration period of the EHG. (In Figure 4(a) the
iterationperiodis also4.) If a SDFGcontainsaloop, thentheiterationperiodis boundedrrom belowv by the
iteration bound[19], which is definedto be the maximumtime-to-delayratio of all cyclesin the EHG. For
example,the EHG in Figure6 containsthreeloops: (A4, B, C) and(A,, B, C) eachwith total computation
time of 4 anddelaycount2; and(B, C) with computatiortime 2 anddelaycount1. Thustheiterationperiod
of thegraphin Figure4(a)is 2. This canbe clearly seenfrom the scheduleén Figure5(a), whereoverlapped
iterationscreatehigherthroughput. (The iteration period of an SDFG canbe overestimatedising the ideas
from [22] without constructingthe EHG, but our methodyields a tighter bound,which is importantas we
attemptto minimizetheiterationperiodof anSDFGnext.)

A retimingr : V. —N U{0} is a function which specifiesa transformatiorof a graphG. It labelseach
vertex with a numberof delaysto be removed from eachincomingedgeand placedon eachoutgoingedge,
changingG into theretimedgraphG, = (V, E, d,, t, p, c¢) whered, (e) = d(e) + p(e)r(u) — c(e)r(v) for each
edgee = (u,v) in E [24,26]. As anexample,aretimingwith r(A) = 2 andr(B) = r(C) = 0 transforms
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Figure8: (a) Figure4(a)retimed;(b) Its EHG; (c) Its repeatingschedule
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Figure9: (a) A unit-time SDFG;(b) Its EHG; (c) Its retimedEHG

the SDFGof Figure4(a)into thatof Figure8(a). Examiningthe EHG in Figure8(b), we seethatwe have now
achieedanoptimalclock periodof 2 which translatesnto the morecompacischeduleof Figure8(c).

3.2 ProblemsRetiming EHGs

Onfirst glance,it appearghatwe shouldjust beableto retimethe EHG via traditionalmethodsandthenmap
backto theoriginal SDFG,aswasdoneby Leeoriginally [10]. Unfortunatelytheinitial translatiorfrom SDFG
to EHG is too complex to permitthis. As anexample,considerthe unit-time SDFGgivenin Figure9(a), with

its EHG appearingn Figure9(b). A retimingwith r(A) = r(B1) = 1 andr(B3) = r(C) = 0 transformghe
EHG into the graphshavn in Figure9(c) with clock period2. We now wish to try andmatchthis with some
retimedversionof the original SDFG,but have a problemwith thedelaycountof theedgebetweend andB. If

thenew delaycountis 1, the EHG shouldhave no delayontheedge( A, B2) andonedelayon (A, By ), exactly
the oppositeof whatwe actuallyhave. On the otherhand,if the retimeddelaycountis 2 or more,thenboth
(A, B1) and (A4, By) shouldhave non-zerodelay counts,which also contradictswhatwe have. In ary case,
therecanbeno directmatchingin this case.If we areto retime SDFGs,we mustwork directly on theoriginal
graphitself.
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Figurel0: (a) A pathin a SDFG;(b) Its homogeneousquvalent

4 Retiming a SDFG

Sincewe cannotretimea SDFGby working with its EHG, we mustdevelop methodgor retimingthe SDFG
directly. In this sectionwe refinethe method=f [16] to dealwith this situation.

4.1 |Initial Problems

Unfortunately the retiming algorithmswe will proposewill eitherbe pessimisticor expensve. Thereasorfor
thisis thatthe original methodsve areusingasa basiswerethemselesbuilt on oneresultfrom [16]:

Theorem4.1 LetG bea HDFG andc a potentialclod period. cl(G) < cif andonlyif everypathin G with
total computatiortimelarger thanc hasdelaycountlarger than1.

Theproblemnow is thatinsuficientdelaysalongapathin aSDFGdonotnecessarilyranslaténto a zero-delay
pathin the EHG. As an example,considerthe unit-time SDFGin Figure10(a)belav, with its EHG givenin
Figure10(b).For ¢ = 2, examiningonly theoriginal SDFGwould leadusto retimethis patheventhoughsuch
anexerciseis unnecessarylo avoid suchfalsepathswe mayneedto construcintermediateeHGsfor study a
very costlyprocess.

In a similar vein, the natureof an EHG raisesthe questionof what a path actuallyis. The traditional
definitionsaysthata pathis asequencef nodesandedges Sincewe now have multiple edgesetweemodes,
we mustbe very carefulto considerall pathsresultingfrom suchmultiple copies.To illustrate,the traditional
definition would dictatethat thereis one pathfrom A to C5 in Figure 10(b). Becauseof the pair of edges
betweenB; andCs, wewill aluseourdefinitionslightly andsaythattherearein facttwo pathsbetween4 and
C5 in theEHG whenwe do our calculationsbelav. While this makessenseit is somevhatdifferentfrom what
hasalwaysbeendoneandso mustbe noted.

Anotheradditionalcostthatthe problemof insuficient delaysforcesusto paycomesin theform of addi-
tionalcheckdor legality. In theoriginalalgorithmsfrom [16], only onedelayatatimewasmoved,astipulation
which did not causethe proposedetimingto becomeillegal at ary intermediatestep(asprovenin [16]). Be-
causewe arenow pulling groupsof delaysthroughnodes this situationno longerexists,andsowe will have
to checkfor legality at every stageof analgorithm.



Thequestiomow is to determineaxactly hov mary delaysto view assufiicient. Lete : © — v beanedge
in aSDFG.Eachcopy of u in theEHG create®(u) tokens.By our constructioreachof theseis to travel along
aseparatedge.Sincethereareq, copiesof nodeu in theEHG, theremustthenbeatotal of ¢, - p(e) edgego
carryall of thedata,eachof which we expectto requirea delaywhenwe retimethegraph.Similarly, ¢, copies
of v areeachreceving c(e) tokens,andsotheremustbe g, - c(e) edgedor thesedata. We will useeitherof
thesefiguresasthe numberof tokensrequiredby anedgein the SDFGduringretiming.

4.2 Retiming Algorithm

We will seekour retiming via relaxationon the edgesof our graph. We do this by sorting our verticesand
then sweepingalongthe sortedlist. Whenwe getto a point wherethe currentpathis too long, we insert
enoughdelaysso asto breakthe pathup into suficiently small pieces.We thenverify thatwe areallowedto
dothis. If we cant thenthereis noretimingandwe returnwith anerror;otherwisewe sweepfurther Onceour
prospectie retiminghasbeenfound,we testtheretimedgraphto make surethatthe clock periodis within our
requirementslf it is we've foundaway to retimethe SDFG;otherwisethereis no suchretiming.

We begin our constructionby consideringAlgorithm 2 below, the O(|E|)-time algorithmfrom [16] for
finding the length of the longestzero-delaypathinto eachvertex of a HDFG. This procedurefirst sortsthe
verticesso thatthoseoccurringearlyin the list areconnectedo verticeslaterin thelist by zero-delayedges.
It thentracesthroughthelist assigningeachvertex the lengthof its longestzero-delaypath. If avertex is not
connectedo a previous one, its pathlengthmustequalits own computationtime; otherwiseits pathlength
equalsits own time, plusthe sumof thetimesof all the otherverticesfound alongthe pathto this point. We
requirethis algorithmnot just for constructingour retiming, but alsofor verifying thatour final retimedgraph
executeswithin therequiredtime frame.

Algorithm 2 Find computatiortime of mostexpensve zero-delaypathto all vertices
Input: AHDFGG = (V,E,d,t)
Output: The|V|-lengthvectorr
Topologicallysorttheverticesof G, with u precedingy if thereis a zero-delayedgefromu tov in G
for all v in orderfrom the sortedlist do
if v hasno zero-delayncomingedgein G then
T(v) + t(v)
else
7(v) < t(v) + max{7(u)|Je : u — v in G with d(e) = 0}
endif
endfor
return r

With this in handwe cannow proceedo our primary method,given as Algorithm 3 belov. We begin by
retimingour SDFGwith theresultto dateandconstructingts EHG. TheEHG is thenhandedo Algorithm 2 to
find thelengthsof the maximumpathsto all vertices.At this pointtheverticesin our SDFGfall into oneof two
groups.If all copiesof avertex in the EHG areisolated(i.e., connectedo therestof the graphonly by edges
containingdelays) we don't wishto retimethenodeandremove it from considerationOtherwisghenodelies
alongsomezero-delaypathandwe may have to retimeit. In this casewe assignit alongestpathlengthequal
to thelongestpathlengthof ary of its copiesin the EHG.

At this pointwe considemodedor retiming. Sincewe wantto pushdelaysforwardalongour paths(rather
than pulling thembackward aswasdonein [16]), we retimethosenodeswhich occurearly in a path. This
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Figurel1: (a) An exampleSDFG;(b) Its EHG

procesds complicatedby the differentratesof productionand consumptioron eachnode. For example,for

eachdelaydravninto nodeA in Figurell(a),threedelaysarepushedntotheedgefrom A to B andtwo delays
ontotheedgefrom A to C. Thereforefor eachoutgoingedgefrom sucha node,we calculatethe numberof

delaysneededo retimeall copiesof theedgein the EHG, subtracthe numberof delayscurrentlyontheedge,
adjustfor thedifferentratesof productionandconsumptionandretimeby the maximumof theseneeds Once
all nodesareretimed,we testthe prospectie retimingfor legality, i.e. we checkthatretiming by our function
doesnt resultin someedgecontaininga negative numberof delays.If we pasghistest,we look furtheralong
our pathfor othernodesn needof retiming.

Oncewe have checledall nodesatleastonceandhave derivedalegalretimingfunction,it is timeto testour
answerWe retimethe SDFG,construcits EHG, andpasghisto Algorithm 2 to find the maximumzero-delay
pathsto eachnode. Sincethe lengthof the largestzero-delaypathin the EHG equalsour clock period, this
lengthis testedagainsour requestedlock period.If thelengthis still too largewe cannotretimethis SDFGto
executein thetime we wish andmustreturnwith anerror. Otherwisewe have foundour retiming.

We now demonstrat®ur methodby executingit on the SDFG of Figure11(a)with ¢ = 4. Sortingthe
verticesof Figure11(b),computingongestpathlengthsandtakingthemaximarevealsthatY (A4) = 4, Y(B) =
T(C) =8 andT(D) = 12 in this case.We thusonly retimenode A atthis step.Sincethereareno delayson
theedge(A4, B), ourinitial retiminghasr(A) = g4 = 2 andr(v) = 0 for ary othernodev. Pulling 2 delays
through A pushes delaysonto (A4, B) and4 onto (A, C), asseenin the retimedgraphin Figure12(a),with
its EHG appearingn Figure12(b).

Loopingbackaroundwe seefrom Figure12(b)thatonly nodeA is cut off; all othernodedie alongsome
zero-delaypath. ThusY(A) = oo, T(B) = T(C) = 4 andY (D) = 8 now, calling for usto retimenodesB
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Algorithm 3 Retimea SDFGvia Relaxation
Input: A SDFGG = (V, E, d,t,p,c), apotentialclock periodc
Output: A retimingr suchthatcl(G,) < c if oneexists
forallv € V do
r(v) <0
endfor
fori <« 1to|V]|do
ConstructheretimedgraphG, giventhecurrentr
ConstructheEHG H for G,
T < MazPath(H) * Apply Algorithm 2 */
for all vin V do
if nocopy of v in H isincidenton azero-delayedgein H then
T(v) + o0
else
T (v) < max{7(v;)|v; isacopy of v in H}
endif
endfor
for all v with T(v) < cdo

r(v) - r(v) + max { [%] le:v — uin G, for some u}
endfor

foralle:u —vin Edo
if d(e) + p(e)r(u) — c(e)r(v) < 0then

return FALSE [* Retimingillegal; returnwith error*/
endif
endfor
endfor
ConstructheretimedgraphG, giventhecurrentr * Determineclock period*/
Constructhe EHG H for G,
Y < MaxPath(H) I* Apply Algorithm 2 again*/
if max{Y(v)|lv € V} > cthen
return FALSE /* No feasibleretiming*/
else
returnr [* Otherwiser is theretiming*/
endif
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(@) (b)

Figurel2: (a) TheretimedSDFGafteronepassof algorithm;(b) Its EHG

andC. Sinceneitherof theedgeq B, D) nor (C, D) currentlycontainsdelays ourretimingnow hasr(A4) = 2,
r(B) = g = 3,7(C) = gqc = 4 andr(D) = 0. Theneaw retimedgraphis givenbelav asFigure13(a),with
its EHG in Figure13(b). Notethat,dueto nodeB’s consumptiomateof 2, aretimingof 3 appliedto B requires
usto pull 2 x 3 = 6 delaysin sothatthe propernumberof delaysis pushedackout.

Studyingthe new EHG shavs usthatnodeD is now cutoff, but nodeA requiredurtherretiming. We have
T(A) =4,T(B) =7(C) =8andY (D) = oo now, soonly nodeA mustberetimed.Sincebothof theedges
(A, B) and(A, C) aredevoid of delays,we mustaddgs = 2 ontotheretimingfor A, giving usthe function
r(A) =4, r(B) = 3,r(C) =4 andr(D) = 0. Theapplicationof this retimingto the original SDFGresultsin
thegraphof Figurel4(a)andwe have foundour answer

However we have a final passof the algorithmto perform. This time, all nodesin the SDFG have been
isolated,so T(v) = oo for all nodesw, insuringthatno furtherretimingtakes place. We now studythe EHG
of Figure 14(b), find that the maximumzero-delaypathis an individual nodewith computationtime 4 and
concludethatwe have foundour retiming.

LetG = (V,E,d,t,p,c) beour SDFGwith EHG H = (V', E',d',t'). SinceAlgorithms1 and?2 each
executein O (|E'|) time, Algorithm 3 only requiresO (|V|*> + [V'||E’|) time. However, while we suspecthat
its successs both a necessarandsuficient conditionfor a SDFGto beretimableto a given clock period, it
is unknavn whetheror not this is the case. In our defensethe algorithmfrom [16] uponwhich this method
is basedwasalsonever proven both necessanand sufiicient, but hasbeenextremelyusefulin practice. We
suspecthatthealgorithmwe've describederewill prove justasvaluabledespitethislogical gap.
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(a) (b)

Figurel3: (a) TheretimedSDFGaftertwo passe®f algorithm;(b) Its EHG

(@) (b)

Figurel4: (a) Figurell(a)retimed;(b) Its EHG
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5 A Simple Example

To illustrateour methodfurther considerthe SDFGin Figurel5, a variationon the examplefrom [17] with a
BRVofg=[2 1 2 ]T. In ourexample,nodesA and B take 1 time unit to executeandC takes2. We will

attemptto retimeit to have a clock periodof 2. Our algorithmrequireshreepasseso complete At the outset,
we computethe longestpathlengthsandfind that T(A) = 1, T(B) = 2 andY(C) = 4. HencenodesA and
B requireretiming. Node A is sourcenodefor only oneedgewith productionratel; thusr(A) = g4 = 2.
On the otherhand,two edgesemanatdrom B: (B, A) with delaycount4 andproductionrate2, and(B, C)

containsno delayswith productionrate4. Takingthe maximumyieldsavalueof r(B) = ¢gg = 1. Applying
thisretimingproduceghe graphof Figure16(a).

Figurel5: A sampleSDFG

Looping backaround,we find thatnodeC' hasbeencut off from the restof the graph,but nodesA and
B both needretimedagain. Repeatinghe sameline of reasoninggiven above leadsto a valuefor r(A) of
2 4+ 2 = 4. Thistime, however, bothedgesoriginatingat B containdelays.Applying our formulaleadsusto
realizethatr(B) will notbeincrementedat this step. The functionwith r(A) = 4, r(B) = 1 andr(C) = 0
yieldstheretimedSDFGof Figure16(b).

(@) (b)

Figurel16: Figurel5retimed:(a) afterfirst passof algorithm;(b) aftersecond

We still have a passof the algorithmto perform. This time the nodesare separatedrom eachotherby
delays,andsoY(v) = oo for all nodesv. Henceno furtherretimingtakesplace,andwe arefinished.A check
of theretimedgraphrevealsthatall nodesareseparatetty delays andsincethe maximumof theircomputation
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timeswas2, thisis alsothe clock periodof our retimedgraph.

6 Example: A Simplified Spectrum Analyzer

Finally, let usapplyour algorithmto avariationof the simplifiedspectrumanalyzeifrom [24] which appearsn
Figurel7(a),with nodedescriptionsn Figure17(b). This graphhasa BRV of ¢ = [ 6 1 11 41 ]T,
soin theinterestof spacewe will not displaythe EHG at eachstep. Instead we shall describethe pertinent
information. It canbe shavn that the lower boundon the clock periodfor this SDFGis 3, and so we will
attemptto retimeit to beoptimal.

ST 16@1 | 1\ 1® | Node | Description | Time |
= Adaptive Low-Pass
FFT Zoom
PeakDetector
Interpolator
Decision
ZoomControl

N = =N ==

o & Ol Q T =

(@)

(b)
Figurel7: A simplifiedspectrumanalyzer

At first, we seethezero-delayaths(F, B, C') and(A, B, C') whichgiveusY(4) = T(D) =1, Y(B) =
T(C) =5andY(E) = T(F) = 2. Thusall nodesexceptC needretiming,andourformulagivesaninitial re-

timing of r(4) = p((4, B)) = 16,r(B) = E4ZE} = 1,7(C) = 0,7(D) = max{f’ggg 2.p((D, 7)) — 1} -

1, r(E)= % = 0 andr(F) = p((F, B)) = 1. (Thevaluefor r(E) revealsa patternto which we
will referagain.If therearesuficient delayson anedge thevalueof theretimingfor the edges sourcenode
will notchange.)Applying this retimingto the graphin Figure17(a)yieldsthe graphof Figure18(a). If our
algorithmwererewritten sothatthis graphwere checled, we would find thatjust this initial stephasresulted
in anoptimalretimedgraph.

@ (b)
Figure18: Theanalyzer:(a) afterfirst pass;b) aftersecondpass
In thesecondasswe seethezero-delaypaths(B, C), (D, F') and(D, E, A), yieldinglongestpathlengths
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of Y(A) = T(C) = T(F) =2,Y(B) = T(D) = 3andY(E) = 1. Ouralgorithmrequiresusto retime
all nodesat this step. The delaycounton (A, B) hasnot changedandsor(A) = 16 + 16 = 32 sincethe
calculationperformedabore is simply repeatecgandaddedon; similarly »(F') = 1 4+ 1 = 2. For theremaining
nodes,r(B) = 1+ %*7)6);)16 = 1,r(C) = r(D) = 1 andr(E) = gg = 4. This functionresultsin the
retimedgraphof Figure 8’(b),which alsohasanoptimalclock period.

The next passof the algorithm finds longestpath lengthsof T(4) = YT(C) = YT(F) = 3, T(B) =
T(D) = 1andY(E) = 2. Againall nodesneedretimed. Thedelayson (4, B), (C, D) and(F, B) insure
thattheretimingsfor A, C andF' don't change Repeatingabove calculationsausesheretimingsof the other
nodedo doublein size,giving afunctionwith r(A) = 32, 7(B) = r(D) = r(F) = 2,r(C) = 1landr(E) = 8.
Applying this new functionto our original graphyields Figure 19(a). We canseethatthe shortestzero-delay
pathto E haslength4, sothis graphis notoptimized.

16
o 16D 16@1 17 N\ 4 1@

(a) (b)
Figure19: Theanalyzer:(a) afterthird passyb) afterfourth pass

Looping backaround,we find thatall nodesbut E needretimedbasedon lengthsof shortestzero-delay
paths.Furthermorethedelayson (B, C) insurethatr (B) remaindixed;theothervaluesincreaséy one“unit”
baseddn our previous calculationsHencewe now haver(A) = 32+ 16 =48, 7(B) =2,7(C) =1+ 1 =2,
r(D) =2+1=3,r(E) =8andr(F) = 3. Applying this function produceghe retimedgraphin Figure
19(b),whichis notoptimaldueto the zero-delaypath(B, C, D).

In thefifth pass,only nodesD and F' do notrequireretiming,since D lies atthe endof a zero-delaypath
of large enoughsizeanddelayshave severed F' from the restof the retimedSDFG.We alsodo not retime A
becausef the delayson (A, B), soour retiming functionincreaseso r(A) = 48, r(B) = r(C) = r(D) =
r(F) = 3 andr(E) = 12. Applying thisretiminghasno effect; thegraphin Figure17(a)is retimedright back
to its original form.

Our sixth and final passfinds us back wherewe started. All but nodeC' are retimed, and the delays
on (E, A) insurethatr(E) isn't changed.Incrementingthe othersyields a final functionwith r(A) = 64,
r(B) = r(D) = r(F) = 4, r(C) = 3 andr(D) = 12. Applying this function givesus Figure 18(a), the
optimizedgraphwe foundat our secondstep,andwe have finished.

7 Conclusion

In this papey we have established notationfor expressingand studyingsynchronouslata-flav graphs.We
have presentedhe difficulties involved with retiming SDFGs,and then constructedh polynomial-timealgo-
rithm for retiming a synchronougraphsothatit achieresa sufiiciently small clock period. Finally, we have
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demonstratethe effectivenesf our algorithmon severalexamples.

Regardlessof how good our algorithm may be, it is still not proven to represenboth a necessanand
sufficient conditionfor retiming. This proof, or the constructionof an alternatemethodwhich is necessary
and suficient, remaininterestingopenproblems. Correctingthe errorsin [24] will definitelyleadto greater
understandingf our modelandmay openthe doorto remaving this logical gap. It mayalsoleadto a studyof
retimingappliedto evenmorecomplicatednodels suchascyclo-staticor dynamicDFGsJ[1].
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