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Abstract

Many commoniterative or recursive DSP applicationscan be representedby synchronousdata-flow
graphs(SDFGs).A greatdealof researchhasbeendoneattemptingto optimizesuchapplicationsthrough
retiming. However, despiteits proveneffectivenessin transformingsingle-ratedata-flow graphsto equiv-
alentDFGswith smallerclock periods,theuseof retimingfor attemptingto reducetheexecutiontime of
synchronousDFGshasneverbeenexplored.In thispaper, wedo just this. We developthebasicdefinitions
andresultsnecessaryfor expressingandstudyingSDFGs.We review theproblemsfacedwhenattempting
to retimea SDFGin orderto minimizeclock period,thenpresentanalgorithmfor doingthis. Finally, we
demonstratetheeffectivenessof ourmethodonseveralexamples.

1 Intr oduction

Sincethemosttime-criticalpartsof DSPapplicationsareloops,we mustexploretheparallelismembeddedin
the repetitive patternof a loop. Oneof themostusefulmodelsfor representingDSPapplicationshasproven
to bethemultirateor synchronousdata-flowgraph (SDFG) first proposedby Lee[13]. Thenodesof a SDFG
representfunctionalelements,while edgesbetweennodesrepresentconnectionsbetweenthem. Eachnode
consumesandproducesa predeterminedfixednumberof delays(i.e., datatokens)on eachinvocation.Addi-
tionally, eachedgemaycontainsomeinitial numberof delays.Thismodelhasprovenpopularwith designersof
signalprocessingprogrammingenvironments[9,11,18,23] with its useleadingto numerousimportantresults
regardingthe scheduling[7], hierarchization[21], vectorization[20] andmultiprocessorallocation[8,13] of
DSPprograms.

A greatdealof researchhasbeendoneattemptingto optimizevariousaspectsof anapplication’s execution
by applyingvariousgraphtransformationtechniquesto theapplication’s SDFG.Oneof themoreeffective of
thesetechniquesis retiming[15,16], wheredelaysareredistributedamongtheedgessothathardwareis opti-
mizedwhile theapplication’s functionremainsunchanged.Retimingwasinitially appliedto single-rateDFGs
to optimizetheapplication’s scheduleof taskssothattheclock periodof thegraph(i.e., thetotal computation
timeof thelongestzero-delaypath)wasdecreasedin orderfor theapplicationto bemoreefficiently scheduled
for executionon multiprocessors[3–5]. It was later extendedto the moregeneralSDFGmodel in order to
extendvectorizationcapabilities[25] or minimizethetotaldelaycountof aSDFG[24]. However, theproblem�
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of usingretimingto minimizetheclockperiodof a multirateDFGhasremainedunexplored.In this paper, we
will discussthisproblemandproposeamethodfor accomplishingthis task.

To illustratethebenefitsof theretimingtransformation,considerthesingle-rateDFG in Figure1(a). The
numbersabove thenodesrepresentcomputationtimesof individual tasks,while theshortbar-linescuttingthe
edgesarethedelays.We canseethatour clock periodin this caseis

�
dueto thezero-delayedgefrom � to�

, hereafterreferredto as ����� �
	 . Retimingallows usto removeadelayfrom ���
��� 	 andplaceit on ����� �
	 to
createtheretimedgraphin Figure1(b) with clock period � . Thefunctionof thetwo graphsis thesame,with
the only complicationbeingthat we will have to provide thefirst valueof � whenwe begin execution. The
costsof doingthis areminisculewhenwe considerthatwe will besaving a clock cycle eachtime we execute
theloop.
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Figure1: (a)A single-ratedata-flow graph;(b) ThisDFGretimedto have clockperiod �
An additionalbenefitis thatschedulingaloneusuallyyieldsa schedulerequiringmoreresourcesthanthe

scheduleproducedby retimingfirst. To illustratethis, considerthesingle-ratedata-flow graphin Figure2(a).
It is clearthatthis graphhasa clock periodof 4, andwe canderive theschedulein Figure2(b) which hasthis
clock period.Notethatthis schedulerequiresa minimumof 5 processingunitsto executebecauseof thework
calledfor atany time-stepgreaterthanzerowhich is amultipleof 4.
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Figure2: (a)A sampleDFG; (b) Its schedulewith cycleperiod4

Ontheotherhand,supposethatweretimeourgraphto becometheDFGof Figure3(a).Thisretimedgraph
permitsusflexibility whenschedulingnode2 , allowing usto compactourscheduleandproducetheonegiven
in Figure3(b)which requiresonly 3 processors,a40%reductionin resourcesrequiredfor execution.

The benefitsareclear, but reworking our retiming methodsso that they may be appliedto synchronous
graphsis not easy. The differencebetweenthe single-rateandmulti-ratemodelslies in the specificationof
productionandconsumptionratesoneachedge;in single-rategraphsall suchratesareassumedto bethesame,
whereasdifferentratesfor differentedgesaretypically specifiedwhenconstructingSDFGs.Two pitfalls were
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Figure3: (a)Figure2(a)retimed;(b) TheretimedDFG’sschedulewith cycleperiod4

notedin [26]. First of all, a retimingmaybederived for a single-rateDFG by solvinga linearprogramming
problem[16]. The introductionof rateson the edgespotentiallychangesthis to a morecomplicatedinteger
linear programmingproblem. Second,the introductionof ratesinvalidatesthe traditional resultsregarding
the delay countsof pathsand cycles, depriving us of many useful resultsderived for the single-ratecase.
Specifically, in thesingle-ratecase,weseekto removezero-delaypathwith excessive totalcomputationtimes.
It isn’t clearwhatwewantto avoid in themulti-ratecase;aspecificdelaycountononepathmayor maynotbe
adequate,dependingonwhatrateshave beenspecified.

Finally, the mostpopularmethodfor retiming SDFGshasbeento translatethe SDFGto its single-rate
equivalent,retimethis new graph,thentranslateback[10,24]. Therearetwo problemswith this idea. First,
aswe will demonstrate,it maybeimpossibleto translatea retimedsingle-rategraphbackto a retimedSDFG.
Second,evenif thismethodworks,thecostsin performingthenecessarytranslationsanddramaticallyincreas-
ing our problemsizemaybeprohibitive. It is clearlypreferableto work with theoriginal SDFGasmuchas
possible.

In this paper, we will develop thebasicdefinitionsandresultsnecessaryfor specifyingandmanipulating
a SDFGandits single-rateequivalent. We will review retimingandpoint out theproblemswhich arisewhen
it is appliedto SDFGs.We will proposea polynomial-timealgorithmwhich retimesa givenSDFGto have a
specifiedclockperiod.Finally, wewill demonstratetheeffectivenessof ouralgorithmby applyingit to several
examples.

In thenext section,we will formalizethe fundamentalconceptsrelatedto thestudyof synchronousdata-
flow graphs.Wethendiscussretimingandtheproblemswefaceasweapplyit to SDFGs.Next is our retiming
algorithm,followedby detailedexamples.Finally, we summarizeour work andpoint to futuredirectionsfor
study.

2 SynchronousData-Flow Graphs

Theconceptof a synchronousdata-flow graphwasdevelopedandusedextensively by LeeandMesserschmitt
[12–14], but wasnotrigorouslydefineduntil thework of Zivojnovic etal [22,24,26]. In thissection,wereview
their definitionsandideasin orderto formalizetheseconcepts.
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2.1 BasicDefinitions

A synchronousdata-flowgraph (SDFG) (sometimescalleda multirateor regular data-flow graph)is a finite,
directed,weightedgraphSUTWV�XY��2
��Z[�]\^��_`��acb where:

1. X is thevertex setof nodesor actors, which transforminputdatastreamsinto outputstreams;

2. 2edfXhgiX is theedgeset,representingchannelswhichcarrydatastreams;

3. Zkjl2nm N oqpsrut is a functionwith Zv�xw 	 thenumberof initial tokens(delays) onedgew ;
4. \yjzX{m N is a functionwith \|�~} 	 theexecutiontimeof node} ;
5. _�j�2�m N is a functionwith _��xw 	 thenumberof datatokensproducedat w ’s sourcenodeto becarried

by w ;
6. a�jl2{m N is a functionwith a��xw 	 thenumberof datatokensconsumedfrom w by w ’s sinknode.

(In this definitionN is thesetof naturalnumberspz�����u���u�|������t .) If _��xw 	 T�a��xw 	 T�� for all wk��2 , we saythatS is a homogeneousdata-flowgraph(HDFG). HDFGsarealsosometimesreferredto assingle-ratedata-flow
graphsor simplydata-flowgraphs.

To illustrate,considertheSDFGgiven in Figure4(a) below. Thenumbersabove thenodesrepresentthe
executiontimes for the individual tasks,while the smallernumbersat either end of an edgedenotetokens
producedor consumed.As an example, \|��� 	 T�� while \�� �
	 T�\���� 	 T�� in the figure. Furthermore,the
numbersat eitherendof theedgeconnecting� and

�
indicatethatnode � producesonetokenon this edge

whenit executes,while node
�

consumestwo tokensfrom this edgeeachtime it fires.

A B C

2 1 1
1 2

1 1

21

1 1

(a)

� T
���
�

� ��� rr � ���r ��� ���� r �
�|��
�

(b)

Figure4: (a)A sampleSDFG;(b) Its topologymatrix
�

It is sometimesusefulto characterizeanSDFGby its topology matrix, an � 2���g �¡X�� matrix similar to an
incidencematrix. Eachrow correspondsto oneedgein thegraph,while eachcolumncorrespondsto a node.
A positive �~¢��¤£ 	¦¥¨§ entryin thetopologymatrix indicatesthenumberof tokensproducedby the £ ¥¨§ nodeon the¢ ¥¨§ edge,while a negative entryheregivesthenumberof tokensconsumedby node£ from edge¢ . All other
entriesarezero.As anexample,thetopologymatrixof Figure4(a)is givenin Figure4(b).

In [13] it wasdemonstratedthat a repeatingsequentialschedulecanbe constructedfor a SDFG S if the
rank of the graph’s topologymatrix is one lessthan the numberof nodesin the SDFG.(The reverseis not
necessarilytrue, as we will seeshortly.) If this condition holds thereis a positive integer vector © in the
nullspaceof thetopologymatrix calleda repetitionvectorfor S . Therepetitionvectorfor S with thesmallest
normis calledthebasicrepetitionvector(BRV) for S [1]. For example,theBRV for theSDFGin Figure4(a)
is ©ªT¬«­� � �¯®±° . The elementsof a BRV © indicatethat ©�² copiesof node }c² mustbe executedduring
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every iterationof thestaticschedule.In ourexamplewemustscheduletwo copiesof � andonecopy eachof
�

and � eachtime;seeFigure5(a).Finally, a SDFGis consistentif it hasa BRV. An exampleof aninconsistent
SDFGappearsasFigure5(b), with its rank � topologymatrix in Figure5(c). It is clearthat, if we attemptto
executethiscircuit, eachnodewill fire oncebeforenode� deadlocksthesystemwaiting for its secondtoken.

A

A ³´³´³´³³´³´³´³µ´µ´µ´µµ´µ´µ´µ
¶´¶´¶´¶¶´¶´¶´¶¶´¶´¶´¶·´·´·´··´·´·´··´·´·´· ¸´¸¸´¸¹´¹¹´¹ º´ºº´º»´»»´»
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Figure5: (a)Therepeatingschedulefor Figure4(a);(b) An inconsistentSDFG;(c) Its topologymatrix

2.2 Constructing an Equivalent HDFG

In orderto studyanSDFG,it is sometimesusefulto createits equivalenthomogeneousdata-flowgraph(EHG).
As thenameimplies,anEHGperformsthesamefunctionastheoriginalSDFG,but is constructedsothateach
edgecarriesatmostonetoken.Sinceeachnodeis expectingto eitherproduceor consumemoredatathanthis,
anEHGcompensatesby insertingmultipleedgesbetweennodes.

An algorithmfor creatinga graph’s EHG appearsasAlgorithm 1 below. It is adaptedfrom the method
of [1] for constructingtheEHGof cyclostaticDFGs,whichnotonly permitmultipletokensto passalongedges
but alsospecifiesthepatternof their productionor consumption.Thealgorithmfirst createsenoughcopiesof
eachnodeto satisfythespecificationsof theBRV. It theninsertsedges.If nodesin a SDFGareconnectedby
a zero-delayedge,thenthefirst datatokenproducedby thefirst copy of thesourcemustbeconsumedby the
first copy of thesink in theEHG. If therearedelayson anedge,thedatacontainedhereis consumedfirst, so
thatthefirst new tokenproducedis in factneededby a latercopy of thesink. Thealgorithmdetermineswhich
copiesof sourceandsink to mapto oneanotherbasedon how muchdatahasbeencreatedandused. As an
exampleof ouralgorithmin action,theEHGof Figure4(a)appearsin Figure6.

Therearetwo significantdifferencesbetweenour algorithmandthat of [1]. First, the original algorithm
wasmoreconcernedwith makingsurethat theamountof dataproducedandconsumedon anedgematched.
This yields a simplerbut moreconfusinggraph. For purposesof clarity, we do not combineedgesbetween
nodes.If multipletokensareto besentbetweennodesin theEHG,eachtravelsalongits own edge.Onebenefit
is that thedelaycountsbetweentheoriginal SDFGandtheEHG matchin our model. More significantly, the
original algorithmalsoinsertedcontroldependenciesinto theEHG, insuringthatall copiesof a nodeexecute
serially. Sincewe areconcernedwith maximizingparallelism,we concernourselvesonly with thenecessary
datadependencies.

Finally, asderived in [1] and[6], we will saythat a SDFGis live if its EHG hasno zero-weightcycles.
Otherwisethegraphis deadlocked. An exampleof a consistentdeadlockedgraphappearsasFigure7(a),with
its EHG in Figure7(b). As we cansee,the loop betweennodes� and

�
È
containsno delays,andso it is

impossibleto schedulethemsinceeachmustprecedetheother. It shouldbeclearthata SDFGmustbeboth
live andconsistentin orderfor it to have a repeatingstaticschedule.
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Figure6: Figure4(a)’s EHG
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Figure7: (a)A deadlockedSDFG;(b) Its EHG

3 Retiming

A greatdeal of researchhasbeendoneattemptingto optimize the scheduleof an application’s tasksafter
applyingvariousgraphtransformationtechniquesto the application’s HDFG. One of the more effective of
thesetechniquesis retiming[15,16], wheredelaysareredistributedamongtheedgesso that theapplication’s
functionremainsthesamewhile theexecutiontimedecreases.Despiteits usefulnesswhenappliedto HDFGs,
theapplicationof retimingto SDFGswasexploredonly marginally prior to 1994[10,17] beforebeingstudied
by Zivojnovic etal primarily asawayto minimizethedelaycountof aSDFG[24,26]. In thissectionweintend
to review the basicsof retiming,exploresomeof the pitfalls which arisewhenstudyingretimingof SDFGs,
demonstratetheeffectivenessof retiming,andproposetwo algorithmsfor retimingSDFGs.

3.1 BasicDefinitions

A pathin eitheraSDFGor aHDFGis any sequenceof nodesandedges.Theclock period a�ÉÊ��S 	 of aHDFG S
is thendefinedto bethelengthof thelongestzero-delaypath[2]. Thisdefinitionis problematicon two counts.
First, it is not clearwhat the delaycountof a pathin a SDFGreally is in light of the inconsistenciesin the
resultsfrom [24]. Second,supposethatweattemptto applyour definitiondirectly to SDFGs,asdemonstrated
by Figure7(a).Wewouldconcludethattheclockperiodequals� , but in reality thegraphmusthave aninfinite
clock periodbecauseof the problemsschedulingnodes� and

��È
. Thus,we areforcedto definethe clock

periodof a SDFGto beequalto theclock periodof its EHG.As anexample,theclock periodof theSDFGin
Figure4(a)is

�
by ourdefinition.
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Algorithm
Ë

1 CreatinganEHGfor aSDFG
Input: A SDFG SÌTWV¦XÍ��2k��Z[�]\^��_`��acb andits BRV ©
Output: An EHG S
Î[TWV¤XÏÎ~��2ÏÎ���ZÐÎ��]\ÑÎ¨b

for all nodes}q�ÒX do
for ¢�ÓÔ� to ©|Õ do

addacopy of } as }�Ö to XÏÎ /* Createall neededcopiesof eachnode*/\ Î �~} Ö 	 Ó×\|�~} 	
end for

end for
for all edgesw�T��~Ø`�]} 	 �i2 doÙ ÓÚZv�xw 	 div a��xw 	`Û �£ÜÓ¬� Ù �Ý� 	ÜÞàßâá ©|Õ Û � /* Findfirst sinknodeneedingdata*/ãåä �~} 	 Ó Ù�æ a��xw 	 �´Zv�xw 	 /* How muchnew datathisnodeneeds*/

for ¢�ÓÔ� to ©|ç doãåä �~Ø 	 Óè_��xw 	 /* How muchdatacanbegivento thisnode*/
while ãåä �~Ø 	êéTër doìzí \|�~Ø`�]} 	 Ó Þ
î¨ï p ãåä �~Ø 	 � ãåä �~} 	 t /* While copy of sourcehasdatato giveout loop*/

for ðkÓÔ� to ìzí \|�~Ø`�]} 	 do
addanedgewêT��~Ø Ö �]}c² 	 to 2 Î with Z Î �xw 	 Ó¬� Ù �Ý� 	 div ©|Õ

end forãåä �~} 	 Ó ãåä �~} 	 � ìlí \|�~Ø`�]} 	ãåä �~Ø 	 Ó ãåä �~Ø 	 � ìzí \|�~Ø`�]} 	
if ãåä �~} 	 Tër thenÙ Ó ÙñÛ � /* If copy of sinkhasenoughdatamove to next copy */£òÓ¬� Ù �Ý� 	
Þàßuá ©cÕ Û �ãåä �~} 	 Ó×a��xw 	
end if

endwhile
end for

end for

Similar problemsarisewhenwe attemptto minimize theclock period. We will saythatan iteration of a
SDFGis the executionof all nodesof its EHG once. The averagecomputationtime of oneiterationis then
calledthe iteration period of the SDFGandis equalto the iterationperiodof the EHG. (In Figure4(a) the
iterationperiodis also

�
.) If a SDFGcontainsa loop, thenthe iterationperiodis boundedfrom below by the

iteration bound[19], which is definedto be the maximumtime-to-delayratio of all cyclesin the EHG. For
example,the EHG in Figure6 containsthreeloops: ����óc� � �±� 	 and ��� È � � �±� 	 eachwith total computation
time of

�
anddelaycount � ; and � � �±� 	 with computationtime � anddelaycount � . Thustheiterationperiod

of thegraphin Figure4(a) is � . This canbeclearlyseenfrom theschedulein Figure5(a),whereoverlapped
iterationscreatehigherthroughput. (The iterationperiodof an SDFGcanbe overestimatedusing the ideas
from [22] without constructingthe EHG, but our methodyields a tighter bound,which is importantaswe
attemptto minimizetheiterationperiodof anSDFGnext.)

A retiming ô´jõX�m N oöpsrut is a function which specifiesa transformationof a graph S . It labelseach
vertex with a numberof delaysto be removed from eachincomingedgeandplacedon eachoutgoingedge,
changingS into theretimedgraphSø÷ùTWV�XY��2
��Zl÷��]\±��_ú��a|b whereZÐ÷��xw 	 TûZv�xw 	vÛ _��xw 	 ô[�~Ø 	 �üa��xw 	 ô[�~} 	 for each
edgewýTþ�~Ø`�]} 	 in 2 [24,26]. As anexample,a retimingwith ô[��� 	 T�� and ô[� �
	 Thô[��� 	 Tÿr transforms
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Figure8: (a)Figure4(a)retimed;(b) Its EHG;(c) Its repeatingschedule
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Figure9: (a)A unit-timeSDFG;(b) Its EHG;(c) Its retimedEHG

theSDFGof Figure4(a)into thatof Figure8(a).ExaminingtheEHGin Figure8(b),weseethatwe have now
achievedanoptimalclockperiodof � which translatesinto themorecompactscheduleof Figure8(c).

3.2 ProblemsRetiming EHGs

On first glance,it appearsthatwe shouldjust beableto retimetheEHG via traditionalmethodsandthenmap
backto theoriginalSDFG,aswasdoneby Leeoriginally [10]. Unfortunately, theinitial translationfrom SDFG
to EHG is too complex to permitthis. As anexample,considertheunit-timeSDFGgivenin Figure9(a),with
its EHG appearingin Figure9(b). A retimingwith ô[��� 	 T ô[� � ó 	 Th� and ô[� �
Èc	 T ô[��� 	 TUr transformsthe
EHG into thegraphshown in Figure9(c) with clock period � . We now wish to try andmatchthis with some
retimedversionof theoriginalSDFG,but haveaproblemwith thedelaycountof theedgebetween� and

�
. If

thenew delaycountis � , theEHGshouldhavenodelayon theedge����� �
È 	 andonedelayon ����� � ó 	 , exactly
theoppositeof whatwe actuallyhave. On theotherhand,if theretimeddelaycountis � or more,thenboth����� � ó 	 and ����� �
Ès	 shouldhave non-zerodelaycounts,which alsocontradictswhat we have. In any case,
therecanbeno directmatchingin this case.If we areto retimeSDFGs,wemustwork directlyon theoriginal
graphitself.
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Figure10: (a)A pathin aSDFG;(b) Its homogeneousequivalent

4 Retiming a SDFG

Sincewe cannotretimea SDFGby working with its EHG, we mustdevelopmethodsfor retimingtheSDFG
directly. In this sectionwerefinethemethodsof [16] to dealwith thissituation.

4.1 Initial Problems

Unfortunately, theretimingalgorithmswe will proposewill eitherbepessimisticor expensive. Thereasonfor
this is thattheoriginalmethodsweareusingasabasiswerethemselvesbuilt ononeresultfrom [16]:

Theorem 4.1 Let S bea HDFG and a a potentialclock period. a^É]��S 	�� a if andonly if everypathin S with
total computationtimelarger than a hasdelaycountlarger than ���
Theproblemnow is thatinsufficientdelaysalongapathin aSDFGdonotnecessarilytranslateinto azero-delay
pathin theEHG. As anexample,considertheunit-timeSDFGin Figure10(a)below, with its EHG given in
Figure10(b).For a TÌ� , examiningonly theoriginalSDFGwould leadusto retimethispatheventhoughsuch
anexerciseis unnecessary. To avoid suchfalsepaths,wemayneedto constructintermediateEHGsfor study, a
verycostlyprocess.

In a similar vein, the natureof an EHG raisesthe questionof what a pathactually is. The traditional
definitionsaysthatapathis asequenceof nodesandedges.Sincewenow havemultipleedgesbetweennodes,
we mustbevery carefulto considerall pathsresultingfrom suchmultiple copies.To illustrate,thetraditional
definition would dictatethat thereis onepath from � to ��� in Figure10(b). Becauseof the pair of edges
between

� ó and ��� , wewill abuseourdefinitionslightly andsaythattherearein facttwo pathsbetween� and��� in theEHGwhenwedoourcalculationsbelow. While thismakessense,it is somewhatdifferentfrom what
hasalwaysbeendoneandsomustbenoted.

Anotheradditionalcostthattheproblemof insufficient delaysforcesusto paycomesin theform of addi-
tionalchecksfor legality. In theoriginalalgorithmsfrom [16], only onedelayatatimewasmoved,astipulation
which did not causetheproposedretimingto becomeillegal at any intermediatestep(asproven in [16]). Be-
causewe arenow pulling groupsof delaysthroughnodes,this situationno longerexists,andsowe will have
to checkfor legality ateverystageof analgorithm.

9



Thequestionnow is to determineexactlyhow many delaysto view assufficient. Let wÏjzØ mÚ} beanedge
in aSDFG.Eachcopy of Ø in theEHGcreates_��~Ø 	 tokens.By ourconstructioneachof theseis to travel along
aseparateedge.Sincethereare ©|ç copiesof nodeØ in theEHG,theremustthenbeatotalof ©|ç æ _��xw 	 edgesto
carryall of thedata,eachof whichweexpectto requireadelaywhenweretimethegraph.Similarly, ©|Õ copies
of } areeachreceiving a��xw 	 tokens,andso theremustbe ©|Õ æ a��xw 	 edgesfor thesedata.We will useeitherof
thesefiguresasthenumberof tokensrequiredby anedgein theSDFGduringretiming.

4.2 Retiming Algorithm

We will seekour retiming via relaxationon the edgesof our graph. We do this by sortingour verticesand
thensweepingalong the sortedlist. Whenwe get to a point wherethe currentpath is too long, we insert
enoughdelayssoasto breakthepathup into sufficiently smallpieces.We thenverify thatwe areallowed to
do this. If wecan’t thenthereis noretimingandwereturnwith anerror;otherwisewesweepfurther. Onceour
prospective retiminghasbeenfound,we testtheretimedgraphto make surethattheclockperiodis within our
requirements.If it is we’ve founda way to retimetheSDFG;otherwisethereis nosuchretiming.

We begin our constructionby consideringAlgorithm 2 below, the �
��� 2�� 	 -time algorithmfrom [16] for
finding the lengthof the longestzero-delaypath into eachvertex of a HDFG. This procedurefirst sortsthe
verticesso that thoseoccurringearly in the list areconnectedto verticeslater in the list by zero-delayedges.
It thentracesthroughthelist assigningeachvertex the lengthof its longestzero-delaypath. If a vertex is not
connectedto a previous one, its pathlengthmustequalits own computationtime; otherwiseits pathlength
equalsits own time, plus thesumof the timesof all theotherverticesfoundalongthepathto this point. We
requirethis algorithmnot just for constructingour retiming,but alsofor verifying thatour final retimedgraph
executeswithin therequiredtime frame.

Algorithm 2 Findcomputationtimeof mostexpensive zero-delaypathto all vertices
Input: A HDFG S T�V�XÍ��2k��Z[�]\�b
Output: The �¡X�� -lengthvector �

Topologicallysorttheverticesof S , with Ø preceding} if thereis azero-delayedgefrom Ø to } in S
for all } in orderfrom thesortedlist do

if } hasnozero-delayincomingedgein S then�å�~} 	 Ó×\|�~} 	
else�å�~} 	 Ó×\|�~} 	åÛ�Þ���� p��å�~Ø 	 �! w�jÐØ�m } in S with Zv�xw 	 Tûrut
end if

end for
return �
With this in handwe cannow proceedto our primarymethod,givenasAlgorithm 3 below. We begin by

retimingourSDFGwith theresultto dateandconstructingits EHG.TheEHGis thenhandedto Algorithm 2 to
find thelengthsof themaximumpathsto all vertices.At thispoint theverticesin ourSDFGfall into oneof two
groups.If all copiesof a vertex in theEHG areisolated(i.e., connectedto therestof thegraphonly by edges
containingdelays),wedon’t wishto retimethenodeandremove it from consideration.Otherwisethenodelies
alongsomezero-delaypathandwe mayhave to retimeit. In this casewe assignit a longestpathlengthequal
to thelongestpathlengthof any of its copiesin theEHG.

At thispointweconsidernodesfor retiming.Sincewewantto pushdelaysforwardalongourpaths(rather
thanpulling thembackward aswasdonein [16]), we retimethosenodeswhich occurearly in a path. This
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Figure11: (a)An exampleSDFG;(b) Its EHG

processis complicatedby thedifferentratesof productionandconsumptionon eachnode. For example,for
eachdelaydrawn into node� in Figure11(a),threedelaysarepushedontotheedgefrom � to

�
andtwo delays

ontotheedgefrom � to � . Therefore,for eachoutgoingedgefrom sucha node,we calculatethenumberof
delaysneededto retimeall copiesof theedgein theEHG,subtractthenumberof delayscurrentlyon theedge,
adjustfor thedifferentratesof productionandconsumption,andretimeby themaximumof theseneeds.Once
all nodesareretimed,we testtheprospective retimingfor legality, i.e. we checkthatretimingby our function
doesn’t resultin someedgecontaininga negative numberof delays.If we passthis test,we look furtheralong
ourpathfor othernodesin needof retiming.

Oncewehavecheckedall nodesatleastonceandhavederivedalegalretimingfunction,it is timeto testour
answer. WeretimetheSDFG,constructits EHG,andpassthis to Algorithm 2 to find themaximumzero-delay
pathsto eachnode. Sincethe lengthof the largestzero-delaypathin the EHG equalsour clock period,this
lengthis testedagainstour requestedclockperiod.If thelengthis still too largewecannotretimethisSDFGto
executein thetimewewishandmustreturnwith anerror. Otherwisewehave foundour retiming.

We now demonstrateour methodby executingit on the SDFGof Figure11(a)with a¯T �
. Sortingthe

verticesof Figure11(b),computinglongestpathlengthsandtakingthemaximarevealsthat "à��� 	 T � , "
� �à	 T"à��� 	 T$# and "à�&% 	 Th�c� in this case.We thusonly retimenode � at this step.Sincethereareno delayson
theedge ����� �
	 , our initial retiminghas ô[��� 	 Tn©�'�T{� and ô[�~} 	 TWr for any othernode } . Pulling � delays
through � pushes( delaysonto ����� �
	 and

�
onto �����±� 	 , asseenin theretimedgraphin Figure12(a),with

its EHGappearingin Figure12(b).

Loopingbackaround,we seefrom Figure12(b)thatonly node� is cut off; all othernodeslie alongsome
zero-delaypath.Thus "à��� 	 T*) , "à� �
	 T*"à��� 	 T � and "à�&% 	 T+# now, calling for usto retimenodes

�
11



Algorithm 3 RetimeaSDFGvia Relaxation
Input: A SDFG SÌTWV¦XÍ��2k��Z[�]\^��_`��acb , apotentialclockperiod a
Output: A retiming ô suchthat a�É]��S ÷ 	,� a if oneexists

for all }q�ÒX doô[�~} 	 ÓÚr
end for
for ¢�Ó � to �¡X�� do

ConstructtheretimedgraphS
÷ giventhecurrentô
ConstructtheEHG - for S
÷�kÓ � ì/.10Ïì \32ú�&- 	 /* Apply Algorithm 2 */
for all } in X do

if nocopy of } in - is incidentonazero-delayedgein - then"
�~} 	 Ó4)
else"
�~} 	 Ó Þ���� p��å�~}�Ö 	 � }�Ö is acopy of } in -´t
end if

end for
for all } with "à�~} 	�� a doô[�~} 	 Ó ô[�~} 	åÛ Þ����6567�8:9<; =?>A@3B&CEDGFH>I@JB=?>I@JB K �ÊwÏj�}
m Ø ¢ ã S
÷ML ä ôON ä í wåØQP
end for
for all w�j�Ø m } in 2 do

if Zv�xw 	`Û _��xw 	 ô[�~Ø 	 �´a��xw 	 ô �~} 	SR r then
return FALSE /* Retimingillegal; returnwith error*/

end if
end for

end for
ConstructtheretimedgraphS
÷ giventhecurrentô /* Determineclockperiod*/
ConstructtheEHG - for S
÷"ÌÓ � ìT.U0Ïì \32ú�&- 	 /* Apply Algorithm 2 again*/
if
Þ���� p�"
�~} 	 � }��üXàtWV a then
return FALSE /* No feasibleretiming*/

else
return ô /* Otherwiseô is theretiming*/

end if
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Figure12: (a)TheretimedSDFGafteronepassof algorithm;(b) Its EHG

and � . Sinceneitherof theedges� � �G% 	 nor �����G% 	 currentlycontainsdelays,ourretimingnow hasô[��� 	 Të� ,ô � �
	 TU©�X T{� , ô[��� 	 TU©�Y T � and ô[�&% 	 Tnr . Thenew retimedgraphis givenbelow asFigure13(a),with
its EHGin Figure13(b).Notethat,dueto node

�
’sconsumptionrateof � , aretimingof � appliedto

�
requires

usto pull �àgi��TZ( delaysin sothatthepropernumberof delaysis pushedbackout.

Studyingthenew EHGshowsusthatnode% is now cutoff, but node� requiresfurtherretiming.Wehave"à��� 	 T � , "à� �
	 TZ"à��� 	 T[# and "à�&% 	 TZ) now, soonly node� mustberetimed.Sincebothof theedges����� �
	 and �����±� 	 aredevoid of delays,we mustadd ©\' Te� ontotheretimingfor � , giving us thefunctionô ��� 	 T � , ô � �
	 Tû� , ô[��� 	 T � and ô[�&% 	 Tûr . Theapplicationof this retimingto theoriginalSDFGresultsin
thegraphof Figure14(a)andwehave foundouranswer.

However we have a final passof the algorithmto perform. This time, all nodesin the SDFGhave been
isolated,so "à�~} 	 T]) for all nodes} , insuringthatno furtherretimingtakesplace.We now studytheEHG
of Figure14(b), find that the maximumzero-delaypath is an individual nodewith computationtime

�
and

concludethatwehave foundour retiming.

Let S T×V�XY��2
��Z��]\±��_`��acb be our SDFGwith EHG - T×V�X Î ��2 Î ��Z Î �]\ Î b . SinceAlgorithms 1 and2 each
executein � ��� 2ÏÎ¤� 	 time,Algorithm 3 only requires�_^±�¡Xý� È Û �¡Xq��� 2�Î¦� ` time. However, while we suspectthat
its successis botha necessaryandsufficient conditionfor a SDFGto beretimableto a givenclock period,it
is unknown whetheror not this is thecase.In our defense,thealgorithmfrom [16] uponwhich this method
is basedwasalsonever proven both necessaryandsufficient, but hasbeenextremelyuseful in practice. We
suspectthatthealgorithmwe’ve describedherewill prove justasvaluabledespitethis logicalgap.
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Figure13: (a)TheretimedSDFGaftertwo passesof algorithm;(b) Its EHG
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Figure14: (a)Figure11(a)retimed;(b) Its EHG
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5 A SimpleExample

To illustrateour methodfurther, considertheSDFGin Figure15,a variationon theexamplefrom [17] with a
BRV of ©ÏT « � � � ® ° . In ourexample,nodes� and

�
take � timeunit to executeand � takes � . Wewill

attemptto retimeit to have a clockperiodof � . Ouralgorithmrequiresthreepassesto complete.At theoutset,
we computethelongestpathlengthsandfind that "à��� 	 T�� , "à� �
	 T{� and "
��� 	 T � . Hencenodes� and�

requireretiming. Node � is sourcenodefor only oneedgewith productionrate � ; thus ô[��� 	 T�©\'ëTñ� .
On theotherhand,two edgesemanatefrom

�
: � � ��� 	 with delaycount

�
andproductionrate � , and � � �±� 	

containsno delayswith productionrate
�
. Takingthemaximumyieldsa valueof ô[� �
	 T{© X T�� . Applying

this retimingproducesthegraphof Figure16(a).
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Figure15: A sampleSDFG

Looping backaround,we find that node � hasbeencut off from the restof the graph,but nodes� and�
both needretimedagain. Repeatingthe sameline of reasoninggiven above leadsto a valuefor ô[��� 	 of� Û �kT � . This time,however, bothedgesoriginatingat

�
containdelays.Applying our formulaleadsusto

realizethat ô[� �
	 will not be incrementedat this step.Thefunctionwith ô[��� 	 T � , ô[� �
	 Tñ� and ô[��� 	 Ter
yieldstheretimedSDFGof Figure16(b).
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Figure16: Figure15retimed:(a)afterfirst passof algorithm;(b) aftersecond

We still have a passof the algorithmto perform. This time the nodesareseparatedfrom eachotherby
delays,andso "à�~} 	 T_) for all nodes} . Henceno furtherretimingtakesplace,andwe arefinished.A check
of theretimedgraphrevealsthatall nodesareseparatedby delays,andsincethemaximumof theircomputation
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timeswas � , this is alsotheclockperiodof our retimedgraph.

6 Example: A Simplified SpectrumAnalyzer

Finally, let usapplyouralgorithmto avariationof thesimplifiedspectrumanalyzerfrom [24] whichappearsin
Figure17(a),with nodedescriptionsin Figure17(b).This graphhasa BRV of ©�T « �\( � � � � � ®�° ,
so in the interestsof spacewe will not displaytheEHG at eachstep. Instead,we shalldescribethepertinent
information. It canbe shown that the lower boundon the clock period for this SDFGis � , andso we will
attemptto retimeit to beoptimal.
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Node Description Time� Adaptive Low-Pass ��
FFTZoom �� PeakDetector �% Interpolator �2 Decision �a
ZoomControl �

(b)

Figure17: A simplifiedspectrumanalyzer

At first,weseethezero-delaypaths� a � � �±� 	 and ����� � �±� 	 whichgiveus "à��� 	 TZ"à�&% 	 T{� , "à� �
	 Të� ,"à��� 	 T[b and "
��2 	 TZ"
� a�	 Të� . Thusall nodesexcept � needretiming,andour formulagivesaninitial re-

timingof ô[��� 	 T�_��]����� �
	]	 T{�\( , ô[� �
	 T =?>c> Xed Y BcB=?>c> Xed Y BcB T{� , ô[��� 	 Tûr , ô[�&% 	 T Þ���� 5 =f>g>Ih d i BgB=f>g>Ih d i BgB ��_��]�&%i� a�	]	 �Ý� P T� , ô[��2 	 T 8JjU; =?>c> iQd ' BgBkC ó:l=?>c> iQd ' BgB T r and ô[� a�	 TÝ_��]� a � �
	]	 Th� . (Thevaluefor ô ��2 	 revealsa patternto which we
will referagain.If therearesufficient delayson anedge,thevalueof theretimingfor theedge’s sourcenode
will not change.)Applying this retimingto thegraphin Figure17(a)yields thegraphof Figure18(a). If our
algorithmwererewritten sothat this graphwerechecked,we would find that just this initial stephasresulted
in anoptimalretimedgraph.
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Figure18: Theanalyzer:(a)afterfirst pass;(b) aftersecondpass

In thesecondpass,weseethezero-delaypaths� � �±� 	 , �&%i� aò	 and �&%i��2k��� 	 , yieldinglongestpathlengths
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of "à��� 	 Tm"
��� 	 Tn"à� a�	 T�� , "à� �
	 Tn"à�&% 	 T�� and "à��2 	 T � . Our algorithmrequiresus to retime
all nodesat this step. The delaycounton ����� �
	 hasnot changed,andso ô[��� 	 T��\( Û �\(ÒTè��� sincethe
calculationperformedabove is simply repeatedandaddedon; similarly ô[� a�	 Te� Û ��TU� . For theremaining
nodes,ô[� �à	 T � Û =f>g> XQd Y BgB&C ó:l=?>g> Xed Y BgB T � , ô[��� 	 Tñô[�&% 	 T � and ô ��2 	 T�© i T �

. This function resultsin the
retimedgraphof Figure18(b),whichalsohasanoptimalclockperiod.

The next passof the algorithm finds longestpath lengthsof "à��� 	 To"à��� 	 Tp"
� a�	 T � , "à� �
	 T"à�&% 	 Tþ� and "à��2 	 T�� . Again all nodesneedretimed. The delayson ����� �
	 , �����G% 	 and � a � �à	 insure
thattheretimingsfor � , � and

a
don’t change.Repeatingabove calculationscausestheretimingsof theother

nodesto doublein size,giving afunctionwith ô ��� 	 Të��� , ô[� �
	 Tfô[�&% 	 Tfô[� a�	 Tû� , ô[��� 	 TW� andô[��2 	 T[# .
Applying this new functionto our original graphyieldsFigure19(a). We canseethat theshortestzero-delay
pathto 2 haslength

�
, sothis graphis notoptimized.
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Figure19: Theanalyzer:(a)afterthird pass;(b) afterfourthpass

Looping backaround,we find that all nodesbut 2 needretimedbasedon lengthsof shortestzero-delay
paths.Furthermore,thedelayson � � �±� 	 insurethat ô[� �
	 remainsfixed;theothervaluesincreasebyone“unit”
basedonourpreviouscalculations.Hencewenow have ô[��� 	 T ��� Û �\(òT � # , ô[� �
	 Të� , ô[��� 	 T{� Û �
Të� ,ô �&% 	 Tñ� Û �ýTñ� , ô[��2 	 Tq# and ô � aò	 Tñ� . Applying this functionproducesthe retimedgraphin Figure
19(b),which is notoptimaldueto thezero-delaypath � � �±���G% 	 .

In thefifth pass,only nodes% and
a

do not requireretiming,since % lies at theendof a zero-delaypath
of largeenoughsizeanddelayshave severed

a
from therestof theretimedSDFG.We alsodo not retime �

becauseof thedelayson ����� �
	 , soour retimingfunction increasesto ô[��� 	 T � # , ô[� �
	 Teô[��� 	 TWô[�&% 	 Tô � aò	 Të� and ô[��2 	 T{�c� . Applying this retiminghasnoeffect; thegraphin Figure17(a)is retimedright back
to its original form.

Our sixth and final passfinds us back wherewe started. All but node � are retimed,and the delays
on ��2k��� 	 insurethat ô[��2 	 isn’t changed.Incrementingthe othersyields a final function with ô[��� 	 Tr( � ,ô � �
	 Tèô[�&% 	 Tþô � aò	 T �

, ô ��� 	 Tþ� and ô[�&% 	 T �c� . Applying this function givesus Figure18(a), the
optimizedgraphwe foundatoursecondstep,andwehave finished.

7 Conclusion

In this paper, we have establisheda notationfor expressingandstudyingsynchronousdata-flow graphs.We
have presentedthe difficulties involved with retiming SDFGs,andthenconstructeda polynomial-timealgo-
rithm for retiminga synchronousgraphso that it achievesa sufficiently small clock period. Finally, we have
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demonstratedtheeffectivenessof ouralgorithmonseveralexamples.

Regardlessof how good our algorithm may be, it is still not proven to representboth a necessaryand
sufficient conditionfor retiming. This proof, or the constructionof an alternatemethodwhich is necessary
andsufficient, remaininterestingopenproblems.Correctingthe errorsin [24] will definitely leadto greater
understandingof ourmodelandmayopenthedoorto removing this logicalgap.It mayalsoleadto astudyof
retimingappliedto evenmorecomplicatedmodels,suchascyclo-staticor dynamicDFGs[1].
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