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ABSTRACT 

 

Since processors spend most of the time in executing loop nests because of the 

dependencies, minimizing dependencies across loops is vital for compiler optimization. This 

paper explores two methods, sums of data dependencies and dominant data dependencies 

for eliminating dependencies in multi-dimensional loops. The first method eliminates 

dependencies by combining other dependencies and method two eliminates dependencies by 

making use of the distance of the dependence. We also present how to apply loop 

transformation techniques to these methods to explore much better results. To conclude we 

provide an algorithm for minimizing the number of dependencies in multi-dimensional 

loops. 
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CHAPTER I 

INTRODUCTION 

 

 Dependencies in programs block the compiler from providing high throughput. 

They reduce the amount of parallelism that can be extracted from programs by causing 

memory access problems. The dependencies in multidimensional loops get more complex 

with multiple index variable (MIV) array subscripts. The loop-carried dependencies 

in multidimensional loops cause more problems, increasing the number of halts in the 

pipeline. Thus, identifying and eliminating dependencies in multidimensional loops is 

essential. There are many optimization techniques available to allow a compiler to deal 

with these problems.  

There has been a lot of research on minimization of  loop-carried dependencies in 

multidimensional loops. Most of the work introduces different transformation techniques 

such as loop unrolling, loop splitting, loop fusion, loop skewing and many others. We 

will briefly discuss some of these contributions which are similar to our work. 

The most successful work in this domain has been loop skewing. The authors in 

[1] clearly explain this concept. This paper discuss a new implementation of the 

wavefront transformation called loop skewing, which is a simple manipulation of loop 

bounds and is combined with loop interchanging to produce wavefronting. This method 
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basically eliminates dependencies by changing the shape of the iteration space, i.e. it 

changes the order of array access. 

A loop parallelizing method using horizontal and vertical shearing is described in 

[2]. The article demonstrates the advantages of horizontal shearing, which is still an area 

new and largely unexplored topic. It also discusses advantages and disadvantages of both 

shearing techniques and suggests how a compiler should select a particular technique for 

generating parallelized code. The article also discusses findings where the code consists 

of a group of loop bodies which can execute in parallel. It also derives the relationship 

between data dependence, shearing angle and blocking for SIMD optimization. 

The authors in [3] propose a new technique to increase parallelism in nested loops 

called loop striping. This technique, unlike other loop transformation methods like 

wavefront methods, does not change the execution sequence and order of array access, 

minimizing the complicated loop bound calculations. Loop striping separates iterations 

into stripes where a stripe is a group of iterations which are independent of each other. 

A new approach for combining all loop transformation methods like loop reversal, 

skewing,  and loop interchange is explained in [4]. The authors claim that existing 

compilers must choose appropriate transformations after each step for vectorizing and 

parallelizing code, which is inadequate because the choice and selection of optimizations 

are mostly program dependent and cannot be evaluated after each step. The article 

presents a new approach based on matrix transformations. The article also presents an 

efficient loop transformation algorithm based on this approach to maximize parallelism in 

a loop. 
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In [5] the authors discuss the parallelization of flow and anti-dependence loops 

with non-uniform dependencies. They mainly focus on an improved region partitioning 

method for minimizing the size of sequential regions and maximizing parallelism. Their 

approach is based on convex hull theory which has information to handle non-uniform 

dependencies. 

As many of the loop transformations affect cache behavior, instruction scheduling 

and register allocation of a machine, the authors in [6] discuss eliminating the 

interdependence of loop transformations on machine characteristics. The paper presents a 

method to estimate machine cycle time considering cache misses, software pipelining, 

etc., and then develops an algorithm that will select a set of transformations having high 

overall performance. 

In [7] the authors provide a new method of dependence elimination by applying 

different loop transformation methods to different statements of the loop body instead of 

applying a particular transformation to the whole loop at once. It is considered as 

alignment before transformation. The extension to this can be seen in [8] which further 

exploits coarse-grain parallelism on a MIMD system by including a new step between the 

alignment and transformation which is based on the remainder transformation[9]. 

In [10] authors provide a compiler strategy for estimating the cost of executing a 

given loop nest in terms of the number of cache line references. The optimization 

algorithm takes advantage of the case where the cache miss rate for a program is high and 

tries to improve data locality. The algorithm makes use of compound loop 

transformations like loop permutation, fusion and distribution. The paper also presents 
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empirical results for kernel and benchmark programs that validate the effectiveness of the 

strategy. 

Thus we can conclude that there has been a lot of work already done in the field 

of compiler optimization, based on several loop transformation techniques. In this 

research, we are going the minimize the dependencies in code by using the loop skewing 

transformation and then applying an algorithm we develop which further tries to 

minimize the dependencies. 

 

1.1 Research Objective 

 

1. Our overall goal is to develop a method for eliminating dependencies in multi- 

dimensional loops but we focus on two dimensional loops in this thesis. 

2. We develop a representation of data dependencies in multidimensional loops and 

generate an algorithm for eliminating redundant data dependencies in 

multidimensional loops, extending work done in [7]. 

3. We apply loop transformation, namely loop skewing, to the code. To the skewed 

loop we again apply the algorithm we generated to further minimize 

dependencies. 

 

 

 

 



 

5 

1.2 Organization 

 

Chapter 2 discusses the basic concepts of data dependencies, loop transformation,   

etc., which lay the foundation for this thesis. It also explains new terminology such as 

subsumption, characteristic value, sums of dependencies, and dominant data dependence 

which are used in developing a redundant dependence elimination algorithm.  

 Chapter 3 presents a new representation for dependencies in multidimensional          

loops, generates proof for sums of dependencies in two dimensional loops and provides 

an algorithm for minimizing dependencies. 

 In Chapter 4 we first apply loop transformation algorithms to code, and then 

eliminate the dependencies by repeating the same algorithms used in chapter 3 and 

analyze the results produced. 

Finally Chapter 5 we draw conclusions from our work and provide 

recommendations for future work. 

Note: The preliminary version of the work in this thesis will be published [13]. 
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CHAPTER II 

BACKGROUND 

 

In this chapter we discuss the basic concepts of dependencies and review the 

terminology used for studying different properties and characteristics of them. As the 

primary focus of this paper is to eliminate data dependencies in multi-dimensional loops 

we will discuss terminology of data dependencies related to two dimensional loops. Since 

dependencies in code stop a compiler from performing at its peak efficiency we start by 

analyzing the types of dependencies and hazards caused by them.  

Consider two instructions i and j, with i executing before j. There are basically 

four different types of dependencies[11]. 

 

2.1 Read-After-Write (RAW)  

 

This is the most common kind of hazard. RAW hazard exists when instruction j 

tries to read a location before instruction i writes to it. In other words there exists a RAW 

hazard between i and j if j tries to read before i completes its writeback stage of the 

pipeline. This hazard is sometimes referred to as a true dependence.
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2.2 Write-After-Read (WAR) 

 

This kind of hazard exists when instruction j tries to write to a memory location 

before it is read by instruction i which causes instruction i to read a wrong value. These 

hazards can be easily eliminated by using different registers for two instructions. This 

hazard is sometimes referred to as an anti-dependence. 

 

2.3 Write-After-Write (WAW) 

 

This kind of hazard exists when instruction j tries to write to a memory location 

before it is written by instruction i. Since i is supposed to execute before j the memory 

location gets the wrong value stored into it. This can be eliminated if the serial order 

execution of instructions is maintained. 

The WAR and WAW hazards arise only because two instructions try to make use 

of the same memory location at the same time. If the register names are changed so that 

conflict doesn’t happen these hazards can be eliminated. This is not the case in true 

dependencies because in RAW hazards there is a transfer of data from one register to 

another so this hazard cannot be eliminated by changing the names of the registers. 

Therefore, we mainly concentrate on eliminating this kind of dependence. 
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2.4 Restrictions of the Model 

 

 In this section we point out the restrictions placed on the model we are 

developing.  

i. The array subscripts which are linear subscripts of the loop induction variables 

have coefficient as only one.  

ii. Single induction variable (SIV) subscripts, meaning that only one index occurs 

in a given subscript position; by necessity this limits the study to arrays having 

at most the same dimension as the number of loops in the nest. 

iii. Upper and lower bounds of loops in the nest are independent of the other loop 

induction variables. 

iv. Instructions within the loop nest execute serially; we can develop separate 

methods later to bring out intra-iteration parallelism. 

v. Normalized loops starting at 1 with stride 1. 

 These assumptions made here are consistent with other work on the topic [14]. 

 

2.5 Intra and Inter Iteration dependencies 

 

If a dependence exists between two instructions of the same iteration then it is 

called an intra-iteration dependence. If a dependence exists between instruction A of 

iteration x and instruction B of iteration y when x≠y then it is called an inter-iteration or 

loop-carried dependence. The distance of the dependence is defined as the difference 

between x and y. Therefore, a loop-carried dependence has distance greater than zero and 
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the distance of an intra-iteration dependence is zero. We will refer to a dependence from 

instruction A to instruction B having distance d using the notation (A→B,d). For now we 

assume a single loop as in our previous work, so the distance is an integer rather than a 

vector. 

Consider the following example code in Fig. 2.1 and we will see more clearly the 

kinds of dependencies that exist in code. By unrolling the loop we can see there are 8 

RAW hazards in the code. They are     

(1→2,0),(1→4,0),(2→3,1),(2→5,1),(3→2,1),(3→4,1),(4→3,2),(4→5,2). 

We can eliminate all of these dependencies except (3→2,1)by applying the 

elimination algorithm from [12]. This is the only restriction we need to obey when 

constructing the loop’s repeating parallel schedule, as shown in Fig. 2.1(b). 

for i = 1 to 5 { 
a[i]          = x+1           // instruction 1 
b[i+1]     = a[i]+1        // instruction 2 
a[i+1]     = b[i]            // instruction 3 
b[i+2]     = a[i]-1        // instruction 4 
m            = b[i];          // instruction 5 

                } 

          

TIME: 0 1 2 3 4 5 6 7 8 

 1 2 3 4 5     

   1 2 3 4 5   

     1 2 3 4 5 

          

(a) (b) 

 
Figure 2.1: Loop Carried Dependencies (a) Example code with loop-carried  
                  dependencies; (b) Its parallel schedule. 
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2.6 Characteristic Value and Subsumption 

 

As seen above, when attempting to increase the parallelism in the code, not all 

dependencies need to be considered. Some concepts like subsumption and characteristic 

data dependencies, which eliminate data dependencies in code, are discussed in depth in 

[12]. By implementing these ideas in the elimination algorithm from [12] we can greatly 

reduce the number of data dependencies. 

Let us consider a data dependence (X → Y, d). If X executes at time Tx and Y 

executes at time Ty relative to the current iteration then the characteristic value of the 

data dependence is defined as difference in relative start times within one iteration of the 

two instructions, i.e. Tx –Ty. For example, in the dependence  (2 → 5, 1) in Figure 2.1(a), 

the characteristic value is -3. (For simplicity assume that all instructions take one time 

unit to complete).  

Finally, this dependence is fulfilled or satisfied if  Tx < Ty or if X executes before 

Y. Whenever fulfillment of dependence A automatically satisfies dependence B then we 

say that A subsumes B, denoted as A⊇B. For example, in Fig. 2.1(a) we can see that 

(2→3,1)⊇(2→5,1) . In the same example note that (3→2,1)⊇(4→3,1) as well by this 

definition. The importance of this will be discussed next. 

 

2.7 The Translation Property of Data Dependency 

 

 Based on this notation the translation property of data dependencies was derived 

in [12]. 
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Theorem 2.1: Let d be an iteration distance, and let A: (Ii → Ij, d) and B: (Im → In, d) be 

two data dependencies. Then A and B represent the same dependence   

 if i – j = m – n . QED 

Proof: Because of this translation property, the dependency relation (Ii → Ij, d) is the same 

as   (Ii-j → I0, d) if i ≥ j and (I0 → Ij-i, d) otherwise,  so we need only keep track of the 

characteristic value of a data dependence. Because of this, we will henceforth refer to the 

dependency A: (Ii → Ij, d) as A: (λA, d)  where λA = i – j.  We can also say that two 

dependences are equal if their characteristic values are equal.   

 

2.8 Loop Transformation 

 

Many loop-carried dependencies can be eliminated by applying a series of loop 

transformation algorithms. These transformations change the order of array access by 

exchanging the outer loop with the inner, breaking a loop into multiple loops and using 

many other methods. Some loop transformation techniques are loop interchange, loop 

splitting, loop inversion, loop fusion, and loop skewing. Some of these transformations 

include changing the array index bounds. Each transformation should be checked for 

validity after transforming. A transformation is said to be valid if it preserves the 

sequence of all dependencies after transforming. A transformation may not be beneficial 

by itself but it may help reduce dependencies when combined with others.  
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2.9 Conclusion 

 

 In this chapter we discussed various types of dependencies that can exist in the 

code. We also discussed terminology and notations used to represent dependencies. We 

also explained what exactly is loop transformation, various types of transformations and 

characteristic features of them. In the next chapter we will discuss more on applying loop 

transformations to the elimination algorithm which is the main focus of this research.
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CHAPTER III 

MULTI-DIMENSIONAL DEPENDENCIES 

 

This chapter introduces a new type of notation for the dependencies in 

multidimensional loops, basic terminology which is specific for multidimensional loops 

and with supporting proofs. We also discuss the techniques for eliminating redundant 

dependencies. The proposed algorithms are explained with the help of an example. 

 

3.1 Dependence Notation in Multidimensional Loops 

 

 Unlike the one-dimensional case, the notation for dependencies  in 

multidimensional loops cannot be represented in the form of (λ,d) because distance in a 

multidimensional loop is not just a scalar variable. Instead it consists of distances across 

different loops and thus is represented in the form of a tuple. The notation used in this 

paper will be of the form  (λ,(a,b,..,n)) where  ‘λ’  represents  the characteristic value and 

(a,b,....,n) represents  the distance across each loop of the dependence. For example, the 

true dependence in Figure 3.1 is represented as (1, (2, 3)) which should be interpreted as 

a dependence with a characteristic value of 1 and a distance of 2 iterations of the first 

loop and 3 of the second loop.
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for x = 1 to 5 
{ 
  for y = 1 to 5 
   { 
     a[x+2][y+3] = b[1][1]; 
     c[x+1][y+1] = a[x][y]; 
   } 
} 

        Figure 3.1: Example two-dimensional loop having dependence at distance (2,3).  

As seen from the Figure 3.1 above the second instruction has dependence with the 

first instruction at a distance of 2 in the x-loop and 3 in the y-loop. The result computed 

on iteration (1,1) is used on iteration (3,4). 

 

3.2 The Translation Property of Data Dependencies in 2-Dimensional Loops 

 

For the remainder of the thesis, we will assume 2-dimensional loops for simplicity 

with the extension to more dimensions as future work. As we progress, it will be useful to 

note that the 2-dimensional dependence distance (x,y) corresponds to a 1-dimensional 

distance of x*n+y, where n is the number of iterations of the inner loop. This can be seen 

by realizing that, starting from the dependence source, one jumps over x occurrences of 

the outer loop (i.e. x*n total iterations), plus an additional y iterations of the inner loop, to 

arrive at the dependence sink. Considering these ideas we now prove the translation 

property of 2-dimensional loops. 

 

Theorem 3.1: Let (dx,dy) be an iteration distance, and let A: (Ii → Ij, (dx,dy)) and                          

B: (Im → In, (dx,dy)) be two data dependencies. Then A and B represent the same 

dependence   if i – j = m – n. 
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Proof: Without loss of generality assume that i≤j and m≤n. The dependency relation       

(Ii → Ij, (dx,dy)) is the same as  (I0 → Ij-i, dx*k+dy)  where k is number of iterations of 

inner loop. Similarly, (Im → In, (dx,dy)) is the same as  (I0 → Im-n, dx*k+dy). By Theorem 

2.4   A and B are the same if i – j = m – n. QED. 

Because of this, we will henceforth refer to the dependency  A: (Ii → Ij, (dx,dy)) as  

A: (λA, (dx,dy))  where λA = i – j.  We can also say that two dependences are equal if their 

characteristic values are equal. 

 

3.3 Negative Coordinates 

 

The first non-zero coordinate in the distance tuple must be positive for the 

dependence to exist at all [14]. However, later coordinates in the distance tuple may not 

always be positive. They may also be negative. For example, consider the dependence  

(1, (2,-3)). This should be interpreted as a dependence occurring 3 iterations of the inner 

loop before the start of the second iteration of the outer loop. The dependence with a 

negative inner loop co-ordinate subsumes all other dependencies of the same outer loop 

co-ordinate. For example, the dependence (1,(2,-2)) subsumes dependencies (2,(2,-1)) 

and (1,(2,1)). This is formally proven next. 

 

3.4 Subsumption in Negative Coordinates 

 

With our previous ideas in mind we prove that the dependence having the 

smallest inner loop distance subsumes all dependencies of the same outer loop distance.  
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Lemma 3.1: Consider the data dependencies A: (a, (x,ya)) and B: (b, (x,yb)) with a < b 

and yb <ya. Then B ⊇ A. 

Proof: By the Translation Property,  the dependence A can be viewed as representing a 

data dependence between instruction Ia+1 of iteration 0 and I1 of iteration x*n+ya where n 

is number of iterations of the inner loop. Likewise, the dependence B can be viewed as 

representing a data dependence between instruction Ib+1 of iteration 0 and I1 of iteration 

x*n+yb. Because we assume sequential execution within iterations and a < b, instruction  

Ia+1 of iteration 0 must complete execution before instruction Ib+1 of the same iteration 

can begin. Similarly, since yb <ya, instruction I1 iteration x*n+yb  must precede instruction 

I1 of iteration x*n+ya. Therefore, satisfying the dependence B automatically satisfies 

dependence A which logically means dependence B subsumes dependence A.  QED 

Thus the dependence having the smallest inner loop distance and largest 

characteristic value subsumes all dependencies of the same outer loop distance. This 

permits us to eliminate some dependencies having the same inner distance. 

 

3.5 Sums of Data Dependencies in Multiple Dimensional Loops     

 

In addition to basic subsumption seen above, if a dependence can be subsumed by 

some combination of other dependencies, it should also be removed. For example, in 

Figure 2.1, the concatenation of the dependencies (2→3,1), (3→4,1) and (4→5,1) yields 

the dependence (2→5,1), making its explicit consideration unnecessary. We will abuse 

the traditional language and refer to this process as adding the dependencies, so that the 
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sum of the dependencies in question results. Following our prior notation we prove the 

following theorem. 

 

Theorem 3.2:  Given two 2-dimensional data dependencies (λa,(dax,day)) and (λb,(dbx,dby)), 

their sum, written (λa,(dax,day)) + (λb,(dbx,dby)), is equal to the dependence 

 (λa+λb+1 , (dax+dbx-1 , day+dby)). 

Proof:  By the Translation Property from [12] the first ordered pair represents data 

dependence between instructions Ia+1 of iteration 0 and I1 of iteration (dax,day). Assuming 

all the instructions are executed in order, Ia+1 of iteration 0 will begin at time                

(λax-1)*n+λay and so instruction I1 of iteration (dax,day) cannot start sooner than          

((λax-1)*n+λay) +1. Similarly, the second ordered pair represents dependence between 

instructions Ib+1 of iteration (dax,day) and I1 of iteration (dax+dbx,day+dby). Therefore, Ib+1 

begins at time ((λax-1)*n+λay)+1+ ((λbx-1)*n+λby) and I1 of iteration (dax+dbx,day+dby) 

begins at time  (λax+λbx-2)*n+(λay+λby+2). Since instruction Ia+b+2 of iteration 0 begins at 

[(λax-1)*n+λay]+ [(λbx-1)*n+λby] +1, the sum is equal to a data dependence between this 

and I1 of iteration (dax+dbx,day+dby) which is represented as      

                   (λa+λb+1, (dax+dbx-2)*n+ (day+dby)). 

 Changing back to our previous notation the equation becomes  

                   (λa+λb+1, (dax+dbx-1), (day+dby))  

since  

                   (λa+λb+1,(dax+dbx-2)*n+(day+dby))  
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                 = (λa+λb+1,((dax+dbx-1)-1)*n +(day+dby)) 

                 =  (λa+λb+1,((dax+dbx-1),(day+dby)))                                                                 

Therefore, the sum of dependencies in a multi-dimensional loop is 

 (λa,(dax,day))+(λb,(dbx,dby))= (λa+λb+1, (dax+dbx-1 , day+dby)).    QED                          

The sum can be inductively showed as  

                     
n n n

i xi yi
i=1 i=1 i=1

((λ +1)-1,( d -1)+1, d ))∑ ∑ ∑  

If we consider data dependence D=(λ,(dx,dy))  and p as any positive integer then 

we can generalize above formula as p . D= (p(λ+1)-1,((p(dx-1))+1, pdy)). 

 

3.6 Dominant Data Dependencies in Multidimensional Loops
 

 

 The sums of data dependencies discussed in the last chapter demonstrate how an 

individual dependence Λ can subsume all other dependencies of the same distance. This 

section deals with the same concept, i.e. reducing data dependencies through a different 

method. The dominant data dependence, denoted as ∆, eliminates all dependencies for a 

certain distance unlike sums of dependencies which only reduce the total number of 

dependencies to one. For a given set of data dependencies there is a possibility that the 

sum of characteristic values of a subset of dependencies with varying distances can 
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subsume another dependency if the sum of distances for the subset is equal to the 

distance of the subsumed dependency.  

In two dimensional loops, even though the distance tuple has outer loop 

coordinate and an inner loop coordinate, the equality of the sum of distances of the outer 

loop for the subset of dependencies and the outer loop distance for the subsumed 

dependency is enough. Equaling the inner loop distance is not required but the inner loop 

distance of the subsumed dependence should be less than or equal to the inner loop 

distance of the subset of dependencies because the dependency with the least inner loop 

distance subsumes all other dependencies which is proved in Section 3.2. 

 

3.7 Algorithm for Eliminating Redundant Data Dependencies in Multidimensional Loops 

 

The following algorithm takes a set of data dependencies S, maximum iteration 

distance M, least second coordinate (a) and highest second coordinate (b) as input and 

gives as output a set of dependencies with all the redundant dependencies removed.  

The module in Algorithm 3.1 finds the maximum characteristic value for each 

distance and deletes all the dependencies which have characteristic value less than the 

maximum.  

The module in Algorithm 3.2 is for eliminating dependencies in the same 

distance, i.e. outer loop distance. There is a possibility that the dependencies with the 
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same outer loop distances but with different inner loop distances can be reduced by 

applying Lemma 3.1.  

In the module in Algorithm 3.3 and 3.4 we find the largest sum of characteristic 

values whose outer loop distance adds to dx and inner loop distance adds to dy. The 

dependence is eliminated if this sum is greater than the characteristic value of the 

dependence in which case this new characteristic value becomes the dominant data 

dependence for the distance d. This task is achieved in two parts. In the first part we keep 

the possible dependencies which can eliminate the dependency (λ,(di,dy)) in variable Pi 

i.e. if the first coordinates of both the dependencies sum up to the first coordinate of the 

dependency (λ,(di,dy)) . In the second part we check whether the second coordinates for 

the dependencies in Pi sum up to the second coordinate of the dependency (λ,(di,dy)) if 

this happens we delete the dependency (λ,(di,dy)) and dominant data dependency for this 

distance (di,dy) is the sum of  the characteristic values of the dependencies in Pi .  
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 /* Step 1 */ 

Input:  List of dependencies in sample code. 
Output: List of dependencies with only maximum characteristic value for a distance. 
     for i = 1 to M do 

          for j = a to b do 

      Λ[i,j] ← -∞ 

       for all data dependencies in (λ, (di,dj)) do 

              if λ > Λ[i,j] then 

                  if Λ [i,j] > - ∞ then 

                      delete data dependence (Λ[i,j], (di,dj)) from S 

                   end if  

                     Λ[i,j] ← λ 

               else 

                delete the data dependence (λ, (di,dj)) from S 

            end if  

      end for  

            end for  

       end for 

     Algorithm 3.1: Algorithm for finding maximum characteristic value. 
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   /* Step 2 */ 
Input: List of dependencies in sample after finding maximum characteristic value. 
Output: List of dependencies having largest characteristic value and minimum inner loop   
iteration distance. 

                   for  i = 1 to D(total number of dependencies)  
                        for j = a to b  

                 n ←  ∞ 
                 v ←  - ∞ 
                 for all  dependencies with outer loop index i   
                     if  dy < n then  

                       if  λ > v then 

                           if n < ∞  && v > - ∞  then 

                                delete data dependence (v, (i,n)) 

                          end if 

                          n ← dy 

                                v ← λ 

                    end if      

               else 

                delete data dependence (λ, (i, dy)) 

               end if   

            end for 

             end for 

  
 

Algorithm 3.2: Algorithm for eliminating dependencies in same outer loop distance. 
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/* Step 3 */ 

Input: Dependency list after finding minimum inner loop iteration distance. 

Output: Dependency list which can be eliminated using dominant dependence.  

∆[1,a] = Λ[1,a] 

for i = 2 to D do  

   M ← -∞ 

  for j = 1 to i/2 do  

     if (λ,j) in S 

        if M < ∆[j] + ∆[i-j] + 1 then 

            M = ∆[j] + ∆[i-j] + 1 

            Pλi = (((λ1,(dj,dy1)) + (λ2,(di-j,dy2))) 

            Pxi = dj + di-j-1 

                Pyi = dy1 + dy2 

        end if  

   end if 

 end for 

         end for 
 

Algorithm 3.3: Algorithm for finding Dominant Dependencies (step 1). 
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Input: Probable dependence list which can be eliminated using dominant dependence. 

Output: Gives the final dependencies list that exist after finding dominant dependencies. 

          for i=2 to D do 

    if (di,dy) = (Pxi,Pyi) and λi < Pλi  then 

           ∆[i] = Pλi 

           delete   (Λ[i],(di,dy)) from S 

    else 

          ∆[i] ← Λ[i] 

   end if 

         end for 

 

Algorithm 3.4: Algorithm for finding Dominant Dependencies (step 2).  
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3.8 Example to Demonstrate the Algorithm 

 

The algorithm is demonstrated for the sample program in Figure 3.2 below. 

      for  i = 0 to 4  
         { 
        for  j = 0 to 4 
             { 
           a[i+1][j+1]     = a[1][1]                          /* instruction 1*/ 
           b[i+4][j+2]     = a[i][j+5] + a[i-1][j]   /* instruction 2*/ 
           a[i+3][j-2]      = a[i+3][j-3]    /* instruction 3*/ 
           a[i-3][j-3]       = a[i][j+1] + b[i+3][j]   /* instruction 4*/ 
           c[i+1][j+1]     = a[i][j+1]    /* instruction 5*/ 
           c[i][j]             =  b[i+1][j+3] + b[i][j+4] /* instruction 6*/ 
              } 
   } 
Figure 3.2: Sample code representing loop carried dependencies in two dimensional loop. 

 

The following is the list of dependencies S for the above example. 

In this example code we found 11 dependencies which are (1→2 , (1,-4)) ,  

(1→4 , (1,0)), (1→5 , (1,0)) , (1→2 , (2,1)) , (3→2 , (3,-7)), (3→2 , (4,-2)),              

((2→4 , (1,2)), (3→4, (3,-3)), (3→5 , (3,-3)), (2→6 , (3,-1)), and (2→6 , (4,-2)). By 

following Theorem 2.1 we can represent these dependencies as  

S =   {(-1,(1,-4)), (-3,(1,0)),  (-4,(1,0)), (-2,(1,2)), (1,(3,-7)), (1,(4,-2)), (-1,(2,1)), 

(-1,(3,-3)), (-4,(3,-1)), (-2,(3,-3)), (-4,(4,-2))} 

In step 1 we keep the dependencies with the maximum characteristic value for a 

distance and delete all other dependencies for that distance. Therefore, the dependence   
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(-4,(1,0)) and (-2,(3,-3)) is deleted since the characteristic value of this dependency is less 

than (-3,(1,0)) and (-1,(3,-3)) respectively.  

Thus, the dependence list S after finding the maximum characteristic data 

dependence is  

              S =   {(-1,(1,-4)), (-3,(1,0)), (-2,(1,2)), (-1,(2,1)), (-4,(3,-1)), (1,(3,-7)),                

(-1,(3,-3)),  (1,(4,-2)),  (-4,(4,-2))}  

In step 2 the dependence with largest characteristic value and smallest inner loop 

distance value is stored for same outer loop distance and the remaining dependencies are 

deleted. Therefore, the dependency list S at the end of step 2 will be  

S = {(-1,(1,-4)), (-1,(2,1)), (1,(3,-7)), (1,(4,-2))} 

  In step 3 , ∆[1,a] is set to  Λ[1,a] because the dominant data dependence for this 

dependency can be only Λ[1,a] since the outer loop distance 1 cannot be further 

decomposed into other dependencies. For all the other dependencies for which the outer 

loop coordinate is greater than 2 we apply the algorithm.  

In the next for loop, the coordinates of the dependencies are compared with the 

Pxi,  and Pyi values. If the characteristic value of the dependency is less than Pλi then the 

dominant data dependence for that distance is set to Pyi and the dependence is deleted. If 

the comparison evaluates to false, the dominant data dependence for the distance will be 

set to the characteristic value of the distance and the dependence is not deleted. 

Therefore, when I=4 in this for loop the comparison evaluates to true, the 

dominant data dependence for this distance  ∆[4,-2] is set to 1 i.e. (-1,(2,1)) + (1,(3,-7)) ⊇ 
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(1,(4,-2)) and the dependence (1,(4,-2)) is deleted from the dependence list S. Hence, the 

dependence list after step 3 will be  

S = {(-1,(1,-4)), (-1,(2,1)), (1,(3,-7))} 

Since dependencies (-1,(1,-4)) and (-1(2,1)) have negative characteristic values 

these dependencies will not affect the scheduling of the code.  In the third dependency 

(1,(3,-7)), because the inner loop index exceeds bounds of loop iterations it doesn’t 

contribute anything serialize the code. Thus the code is fully parallelizable and Figure 3.3 

shows the scheduling for this example code. 

 

Time: 

 

 

 

Figure 3.3: Scheduling of the example code. 

 

3.9 Conclusion 

 

We have discussed the notation that is used in representing dependencies in 

multidimensional loops and proved how the least inner loop coordinate subsumes all the 

other dependencies of the same outer loop distance. We have also developed an algorithm 

for reducing the number of dependencies in multidimensional loops to the minimum 
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possible number which improves the throughput of the system by eliminating 

unnecessary stalls in the pipeline. We have also explained how to eliminate redundant 

dependencies with an example by following the proposed algorithm.  We can further 

minimize the dependencies in the program by applying loop transformation like loop 

skewing [4] to the code and applying our algorithm. 
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CHAPTER IV 
 

ELIMINATION OF DEPENDENCIES USING LOOP TRANSFORMATION 

METHODS 

 

 In this chapter we deal with elimination of dependencies in code by making use of 

both loop skewing transformation methods and the algorithm shown in Chapter 3. The 

basic idea is to learn the effect of loop skewing on our algorithm. First apply the loop 

transformation methods to the code. To the transformed code we apply the algorithm 

used in Chapter 3 and analyze the result produced. We analyze the effect of wave front 

transformations like horizontal skewing and vertical skewing (loop skewing) on the code. 

 

4.1   Vertical Shearing (Loop Skewing) 

  

 In vertical shearing we skew the inner loop with respect to the outer loop by some 

factor f. By doing this inner loop bodies execute in parallel since data dependencies are 

arranged horizontally. Vertical shearing can be represented in matrix notation 

as [2].   The iteration space of Figure 2.3 after vertical shearing by a factor of one 

is shown in Figure 4.1.
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  Figure 4.1:   Iteration space after vertical shearing. 
 
 
Theorem 4.1: Consider a multidimensional loop having a data dependence (λ,(dx,dy)), 

loop skewing the code with a factor  f  would change the coordinates of this dependence 

to ( (λ,(dx, f . dx+dy)). 

Proof: Consider a two-dimensional loop with outer loop variable x , inner loop variable y 

and a data dependence (λ,(dx,dy)). Loop skewing y w.r.t. x  with a factor of f  can be 

shown in matrix notation as below. 

                                      =   
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....... .... 
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 If we take new coordinates as i and j, that is     =     then all 

occurrences of the variable x are replaced with i and   j = f . x + y. Therefore di = dx and 

dj = f . dx + dy in the new notation. By replacing all of the loop bounds and array indices 

the old dependence  (λ,(dx,dy)) will be changed to (λ,(dx,f.dx+dy)). QED  

 

4.2   Horizontal Shearing 

 

 In horizontal shearing[2] we skew the outer loop with respect to the inner loop by 

some factor f. This method is similar to loop skewing except that we force data 

dependencies to move forward along the original loop. Now the loop bodies which are 

arranged vertically can execute in parallel. Horizontal shearing can be represented in 

matrix notation as [2]. The iteration space of Figure 2.3 after horizontal shearing by a 

factor of one is shown in Figure 4.2. 
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        Figure 4.2: Iteration space after horizontal shearing. 

 

Theorem 4.2: Consider a multidimensional loop having a data dependence (λ,(dx,dy)). 

Horizontal skewing the code with a factor  f  would change the coordinates of this 

dependence to     (λ,(dx + f . dy , dy )). 

Proof: Consider a two-dimensional loop with outer loop variable x , inner loop variable y 

and a data dependence (λ,(dx,dy)). Horizontal skewing with a factor of f can be shown in 

matrix notation as below. 

                                        =   

 

 If we take new coordinates as i and j, that is    =   ,  then all 

occurrences of the variable x are replaced with i - f . y  and  occurrences of  y are 

replaced with j. Therefore       di = dx +  f . dy and dj = dy in the new notation. By 

Skew 
Factor 
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replacing all of the loop bounds and array indices the old dependence  (λ,(dx,dy)) will be 

changed to (λ,(dx + f . dy , dy )). QED 

 

4.3 Wavefronting 

 

 Wavefronting is another loop transformation technique which can transform a 

code having n loops with all the n loops carrying dependencies to code with atleast n-1 

parallel loops. This is achieved by skewing the innermost loop with each of the other 

loops and moving the innermost loop to the outermost position. Wavefronting can be 

represented in matrix notation as [4]. 

 

4.4 Combining Loop Skewing with Data Dependence Elimination  

 

 To analyze the effect of loop skewing on the dependence elimination algorithm 

we first find all loop carried dependencies in sample code after applying the dependence 

elimination algorithm. Next we skew the code with a factor f=1. Finally we change the 

indices of the array elements according to the new loop variables and find the loop 

carried dependencies in the code by again applying the dependence elimination algorithm 

to the skewed loop. The whole process is shown below with the help of sample code in 

Figure 4.3. 
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                                  for  i = 0 to n   
                                     { 
         for  j = 0 to n 
                                            { 
                                      a[i+1][j+1] = b[0][0]         /* Instruction 1 */ 
                                        a[i+2][j+3] = a[i][j]         /* Instruction 2 */ 
                                             a[i][j]         =  a[i][j-2]       /* Instruction 3 */ 
                                       a[i-1][j-3]   = a[i+1][j+2] + a[i][j+2]   /* Instruction 4 */ 
           } 
                                    } 
 
                 Figure 4.3: Sample code with loop carried dependencies. 

 

 We have a total of 6  loop carried dependencies in the above code which are        

(-1,(1,1)), (-2,(1,3)), (-3,(1,-1)), (-2,(1,1)), (-1,(2,5)), and (-2,(2,1)). After applying the 

dependence elimination algorithm that we produced in Chapter 3 without loop skewing 

we will have only four data dependencies, (-1,(1,1)), (-3(1,-1)), (-1(2,5)) and (-2,(2,1)). 

Now we skew the above code with a factor of one and find all loop carried dependencies. 

The loop variables in the above code are i and j. Loop skewing in matrix notation can be 

shown as 

                                       =   =                                    

 From above equation we get I = i and J = i + j.  Therefore j = J – i. Now replace 

all occurrences of  j with its equivalent i.e. J – i. The  code in Figure 3.3 after changing 

the indexes is shown below in Figure 4.4. 
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      for  i = 0 to n   
                              { 
           for  J =  i to n + i 
                                  { 
                                   a[i+1][J-i+1] = b[0][0]                /* Instruction 1 */ 
                                     a[i+2][J-i+3] = a[i][J-i]       /* Instruction 2 */ 
                                     a[i][J-i]         =  a[i][J-i-2]         /* Instruction 3 */ 
                                     a[i-1][J-i-3]   = a[i+1][J-i+2] + a[i][J-i+2]     /* Instruction 4 */ 
             } 
                               }  
 
                 Figure 4.4: Sample code with loop carried dependencies after loop skewing 

with skew factor, f = 1. 

 

 We now have 6 data dependencies which are (-1,(1,2)), (-2,(1,4)), (-3,(1,0)),        

(-2,(1,2)), (-1,(2,7)), and (-2,(2,3)). The next step in the process would be to apply the 

algorithm that we produced in Chapter 3 and analyze the output.  

In step 1 of the algorithm we keep the dependencies with the maximum 

characteristic value for a distance and delete all others. Thus we are left with five 

dependencies after the first step which are (-1,(1,2)), (-2,(1,4)), (-3,(1,0)), (-1,(2,7)), and 

(-2,(2,3)). In fact these are the transformed versions of the same dependencies derived 

above, prior to skewing.  

In step 2 of the algorithm we keep the dependencies with largest characteristic 

values and minimum inner loop iteration index for each outer loop and delete all the 

remaining dependencies. Thus the dependence list after step 2 will be (-1,(1,2)),              

(-3,(1,0)), (-1(2,7)), and (-2(2,3)). Again, these are the transformed versions of (-1,(1,1)),                 

(-3(1,-1)), (-1(2,5)), and (-2,(2,1)), the dependencies that emerged when we applied our 

method without skewing. 
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The dominant dependence does not eliminate either of the remaining 

dependencies. Thus the total number of dependencies after skewing the code and 

applying our algorithm is same as without applying loop skewing in this example. We 

formalize this idea below. 

 

Lemma 4.1: The maximum characteristic value for a given distance after loop skewing 

corresponds to the maximum characteristic value before loop skewing. 

Proof: Consider data dependencies (λ1,(dx1,dy1)), (λ2,(dx2,dy2)), (λ3,(dx2,dy2)), and 

(λ4,(dx4,dy4)) where λ3 > λ2. By applying elimination algorithm, dependence (λ2,(dx2,dy2)) 

get eliminated (since λ3 > λ2). So maximum characteristic value for distance (dx2,dy2) is 

λ3. By loop skewing  with a factor f these dependencies would move to                   

(λ1,(dx1,f . dx1 +dy1)), (λ2,(dx2, f.dx2+dy2)),  (λ3,(dx2, f.dx2 +dy2)), and (λ4,(dx4, f.dx4 +dy4)). 

Even now the maximum characteristic value for distance (dx2, f.dx2 +dy2) is λ2 because 

loop skewing moves all the dependencies for a given distance to same position which 

adds a constant value to all the inner loop iteration index.  

 

Lemma 4.2: The dependence with minimum inner loop iteration index after loop skewing 

corresponds to the dependence with minimum inner loop index before skewing. 

Proof: Consider data dependencies (λ1,(dx1,dy1)), (λ2,(dx1,dy2)), (λ3,(dx2,dy3)), and 

(λ4,(dx2,dy4)) where dy2 < dy1 and dy4 < dy3. By applying elimination algorithm, dependence 

(λ1,(dx1,dy1)) and (λ3,(dx2,dy3)) get deleted since we keep dependencies with only 

minimum inner loop iteration index for dependencies with same outer loop index. After 

loop skewing also we see that transformed versions of dependencies (λ1,(dx1,dy1)) and 
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(λ3,(dx2,dy3)) get deleted because loop skewing adds a constant value to all the inner loop 

iteration index’s so the relative difference between the distances remain same after and 

before loop skewing. 

 

Lemma 4.3: The dominant data dependence for a given distance before loop skewing 

corresponds to the dominant data dependence after loop skewing. 

Proof: In dominant data dependence, for two dependencies to subsume another 

dependence it needs to satisfy two requirements. First, the sum of outer loop indexes of 

two dependencies should be one greater than subsumed dependency. Second, the sum of 

the inner loop indexes of two dependencies should be less than or equal to the subsumed 

dependence. 

 After loop skewing we see that first requirement is obviously solved because loop 

skewing doesn’t change the outer loop iteration index. The second requirement is also 

solved because the sum of inner loop iteration index of decomposed distances is always 

less than or equal to the subsumed dependency since loop skewing adds a constant value 

to inner loop index of subsumed dependency and other dependencies.  

 

Theorem 4.3:  Loop skewing has no effect on the outcome of our dependence elimination 

algorithm. 

Proof: A dependence can be subsumed by our algorithm in one of three ways: by the 

dependence having maximum characteristic value for its distance; by the dependence 

with the same outer loop iteration index but the minimum inner loop iteration index; and 

by the sum of dominant dependencies whose distance adds to the distance of the given 
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dependence. By the Lemmas none of these are changed by loop skewing. Thus, if a 

dependence is subsumed before skewing, its transformed equivalent is subsumed after 

skewing. We thus say that loop skewing has no effect on the outcome of the  

algorithm. QED   

 

4.5 Combining Horizontal Skewing with Data Dependence Elimination 

 

In this section we deal the effect of horizontal skewing on the elimination 

algorithm. We follow the same steps that we did in Section 4.3. We show the whole 

process by considering the sample code in Figure 3.3. We have 6 data dependencies in 

the code which get reduced to 2 after applying the dependence elimination algorithm. 

Now we will see the effect of horizontal skewing with skew factor one on the algorithm. 

The matrix notation of the horizontal skewing is shown below. 

          =   =                                     

 From the above equation we get I = i + j and J =  j. Therefore i = I - j. By 

replacing all  occurrences of  i with its equivalent (i.e.  I – j) and loop interchanging we 

have the modified code shown below in Figure 4.5. 
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        for  j  = 0 to n 
                                { 
            for  I =   j  to n + j  
                                   { 
                           a[I-j+1][j+1] = b[0][0]            /*Instruction1 */ 
                                     a[I-j+2][j+3] = a[I-j][j]   /*Instruction 2 */ 
                                      a[I-j][j]         =  a[I-j][j-2]                  /*Instruction 3 */ 
                                      a[I-j-1][j-3]   = a[I-j+1][j+2] + a[I-j][j+2]   /* Instruction 4*/ 
   } 
                                 } 
 
         Figure 4.5: Sample code with loop carried dependencies after horizontal skewing        

with skew factor f = 1. 

 

 We have a total of 5 data dependencies in the above code which are (-1,(1,2)),     

(-2,(3,4)),  (-2,(1,2)), (-1,(5,7)), and (-2,(1,3)). As we did for loop skewing, we now apply 

the dependence elimination algorithm to the above code. 

   In step 1 of the  algorithm we keep the dependencies with the maximum 

characteristic value for a given distance and delete all others. Thus we are left with five 

dependencies after the first step which are  (-1,(1,2)),  (-2,(3,4)), (-1,(5,7)), and (-2,(1,3)). 

            In step 2 of the algorithm we keep the dependencies with largest characteristic 

values and minimum inner loop iteration index for each outer loop and delete all  

remaining dependencies. Thus the dependence list after step 2 will be (-2,(3,4)),              

(-1,(1,2)),  and (-1,(5,7)). 

 The dominant dependence does not eliminate any of the remaining dependencies. 

Thus the total number of dependencies after horizontal skewing the code and applying 

our algorithm is 3 which is less than before applying horizontal skewing. 
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4.6 Combining Wavefronting with Data Dependence Elimination 

 

 In this section we deal with the effect of wavefronting on the elimination 

algorithm. We follow the process that we did for the other two skewing techniques. We 

explain the process using the sample code in Figure 4.3  which has 6 data dependencies 

that get reduced to 2 after applying the dependence elimination algorithm. Now we will 

see the effect of wavefronting on the algorithm. The matrix notation of wavefronting is 

shown below. 

      =   =                                     

 From the above equation we get  i = J and I = i + j which implies  j = I – i = I – J              

( since i = J ). Now by replacing all  occurrences of  i with its equivalent (i.e. I – j) , j with 

its equivalent ( i.e. i)  and by loop interchanging we have the modified code shown in Fig. 

4.6. 

 

  for  I = 2 to 2n   
                            { 
      for  J = Max(1 , n – I ) to Min(n , |I – 1|) 
                                { 
                                   a[J+1][I-J+1] = b[0][0]                  /* Instruction 1 */ 
                                     a[J+2][I-J+3] = a[i][j]        /* Instruction 2 */ 
                                     a[J][I-J]         =  a[J][I-J-2]     /* Instruction 3 */ 
                                     a[J-1][I-J-3]   = a[J+1][I-J+2] + a[J][I-J+2]   /* Instruction 4 */ 
           } 
                             } 
 

Figure 4.6: Sample code with loop carried dependencies after wavefronting. 
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 We have a total of 6 data dependencies in the above code which are (-1,(2,1)),     

(-2,(4,1)), (-3,(0,1)), (-2,(2,1)), (-1,(7,2)),(-2,(3,2)). As we did for loop skewing, we now 

apply the dependence elimination algorithm to the above code. 

In step 1 of the  algorithm we keep the dependencies with the maximum 

characteristic value for a given distance and delete all others. Thus we are left with five 

dependencies after the first step which are (-1,(2,1)),  (-2,(4,1)), (-3,(0,1)), (-1,(7,2)), and       

(-2,(3,2)). 

In step 2 of the algorithm we keep the dependencies with largest characteristic 

values and minimum inner loop iteration index for each outer loop value and delete all 

the remaining dependencies. The dependence list after step 2 will be same as after step 1 

since none of the dependence get eliminated. 

 In step 3 of the algorithm we keep only the dominant dependencies in the code 

and eliminate all that remain. In our dependence list none of the dependency get 

eliminated by applying dominant dependencies. Thus the total number of dependencies 

remaining after applying the elimination algorithm to the wave fronting code is many 

more than without applying wavefronting. 

 

4.7 Conclusion 

 

 In this chapter we discussed the effect of loop transformation techniques like loop 

skewing(vertical skewing), horizontal skewing on the elimination algorithm. From our 

experiments we can conclude that loop skewing has no major effect on elimination 

algorithm since we get the same dependencies with and without applying loop skewing. 
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This has been proved in Theorem 4.3. We also inferred that horizontal skewing and 

wavefronting have no predictable effect on the elimination algorithm. So we  can only 

conclude that further study is needed to know the effect of these transformations on 

elimination algorithm. We have also developed  proofs in Theorems 4.1 , 4.2 and 4.3 that 

loop skewing move the dependencies to  new positions in a predictable pattern which is 

based on the skew factor.
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CHAPTER V 

CONCLUSIONS AND FUTURE WORK 

 

 In this chapter, we review the contributions from this research and provide 

direction for future improvements that can be made to improve the performance of our 

work.  

 

5.1   Contributions 

 

 In this research we mainly focused on representation and minimization of data 

dependencies in multi-dimensional loops. Through our research we have demonstrated 

that only those dependencies which remain after applying the elimination algorithm need 

to be considered while scheduling the code. Here we outline all the contributions of our 

work.  

We have gone through many ways of representing multi-dimensional data 

dependencies and finally came up with one particular representation which holds all the 

details of dependence. Next, we developed a formula with supporting proof for sums of 

data dependencies in multi-dimensional loops. We showed how two different data 

dependencies can eliminate another dependence.  
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 We also discussed how to handle negative distances in the dependence 

representation and proved how the dependence with the least negative distance in the 

innermost loop subsumes all the other dependencies of the same outer loop distance. 

Finally, we developed a three step algorithm for minimizing data dependencies in multi-

dimensional loops using all the notations and proofs we discussed above. 

 In Chapter 4, we took one step forward and tried to further minimize 

dependencies to improve the efficiency of the elimination algorithm by combining it with 

loop transformation techniques. The transformation techniques we used in our research 

are loop skewing, horizontal skewing, and wavefronting. After thorough study on the 

effect of transformations on elimination algorithm, we concluded that loop skewing 

basically doesn’t have any effect on the algorithm because in all the cases the 

dependencies remain the same before and after applying loop skewing.  

 For the other two transformations there is some effect on the elimination 

algorithm but not the effect that we are exactly looking for because dependencies get 

increased instead of reducing after applying these transformations. Since we do not have 

proper evidence to comment further  we conclude that further study is required to know 

the effect of these transformations on elimination algorithm. 

 

5.2    Future Work 

 

 In our research we selected loop skewing, horizontal skewing, and wavefronting 

as transformation techniques to be combined with the elimination algorithm and 

concluded that none of the three has showed the desired effect. Future work could include 
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developing a better way to deal with the inner loops, studying the effect of other 

transformations like loop tiling, loop fusion,  and loop peeling on the elimination 

algorithm and further work can be made on studying of these techniques with non-unit 

array index coefficients and trapezoidal rather than rectangular execution spaces. 

 In our research we have studied the effect of combining transformation techniques 

with the elimination algorithm by applying the transformation to the loop first and then 

applying the elimination algorithm. Since we found that horizontal skewing and 

wavefronting have some effect with this method future work can include how to apply 

wavefronting and horizontal skewing to the elimination algorithm effectively so that the 

application of these techniques reduce the number of data dependencies in the code. 
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